Section 29 The Riemann Integral.
Definitions:

» Partition of a closed interval: P is a partition aff] if P = {Xo, X, ..., X} Wwhere
a=X<X<..<X%=h

* Refinement of a partition:
A partition Q if arefinement of the partition P if P is a subset of Q.

* Upper and Lower Sums:
Let f be a bounded function on [a,b] and P 5 &, ..., X. } a partition of [a.b]

* Upper Darboux Sum of f with respect to P isdefined as
U(f,P) =2 M;(x —X_y)
i=1

where M, =sup{f (x) : xO[x_,, %]

* Lower Darboux Sum of f with respect to P isdefined as
L(f,P)= iZ;:m(xi =X_)
where m =inf{ f(x): xO[x_,, %]
» Upper Integral U(f) = inf{U(f ,P): P is a partition ofd,b])
* Lower Integral L(f) = sup{L(f,P): P is a partition ofg,b])

Riemann Integrable The functiorf is Reimann integrable om,p] if L(f) = U(f) and
this common value is then called the Reimann irtlegfif on [a,b] and is denoted by

Tf(x)dx

Geometric interpretation (Figure 29.1): Area ppeximating rectangles.



Theorem 29.4: If fis a bounded function and P and Q are partitidfa,b] and Q is a
refinement of P, then

L(f,P)<L(f,Q <U(f,Q)<U(f,P)
This is geometrically justified in figure 29.2 (m@g71)
Theorem 29.6: L(f)<U(f)
Proof (using idea of practice 29.5)

Forany two partitions P and Q of [a,b], the union of thésoP [0 Q is a refinement of
each.

Hence:

L(f,P)<L(f,POQ)<U(f,POQ)<U(f,Q)
or
L(f,P)<U(f,Q)
This makes U(Q) an upper bound on {LP): P is a partition ofd,b])}.
Thus
L(f) = sup{L(f,P): P is a partition ofgb])} < U(f,Q) for any partition Q.
This then means that

L(f) < U() =inf{lU(f,Q): Q is a partition of4,b])}



Theorem 29.9 Riemann Integrability Critereon. A functionf defined and bounded on
[a,b] is Riemann integrable if and only if for eyehere exists a partition P dd,p] such
that Uf,P) — L{,P) <e.

Proof:

Part| --
Assume that is Riemann integrable.

Then L(f) = U()

Since Lf) = sup{L(f,P): P is a partition ofg,b]},
we can find a partition, Buch that LitP;) > L(f) —€/2 (Why?)

Since Uf) =inf{U(f,P): P is a partition ofgb]},
we can find a partition, Buch that {P,) < U(f) +€/2 (Why?)

Form the partitionP = B, O PR, .

Then
U(f,P)—L(f,P)sU(f,PZ)—L(f,Pl)<[U(f)+§]—[L(f)—§]=U(f)—L(f)=£

Part I1: (Converse).
Assume that given arg/>0 there is a partition P of [a,b] such that,B] — Lf,P) <g, or
U(f,P) < L{,P) +¢,

Then
U(f)<sU(f,P)sL(f,P)+e<L(f)+¢

Since this meandJ (f) < L(f) + & holds for everg>0, we have
U(f)<sL(f)
We already know by Thoerem 29.6 thgtf) <U(f , sp they are in fact equal

By definition, the function is Riemann integrable.



