Section 25 The Derivative

Definition 25.1: Letf be a real-valued function defined on an internv@ntaining the
point c. The functiorf is differentiable act if

im f(x)— f(c)

x-c  X—C
exists and is finite.

We can use the sequential criterion for limits (diteen 20.8, page 193) to get a similar
result for derivatives.

Theorem 25.3: Letf be a real-valued function defined on an intenaritaining the
point c. The functiorf is differentiable at if and only if for every sequencen] in |
converging to ¢ (with, # c), the sequence
f(x,)— f(c)
X, —C
converges (and the limit of the sequence will eedérivative f'(c).

This is sometimes useful for provimgndifferentiability (i.e. by constructing a sequence

Xn that converges to c, but sucht i X)”()_;(C) diverges.

Example 25.4 gives an example of a nondifferentiable func{jori (x) = |><] ).
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Theorem 25.6: If a function is diff. at a point then it is alsontinuous at that point.
Proof:
Write

f(x) = (x—c)%(f(c)+ (o)

Taking limits:

lim f(x) = Iim(x—c)limwﬂim f(c)=f(c)
X-C X-C X—C X _C X—C

So by the limit test is continuous at.

Theorem 25.7 Properties of Differentiable Functions
Supposd andg are real value functions defined on an intervahil c is a pointin .
Then

a) Fork an real number(kf)'(c) =kf'(c )b) (f +g)'(c)=f'(c)+g'(c)

c) (fg)'(c) = f(c)g'(c) + g(c) f'(c) d) (1y(g=90"C- 199
g [9(c)]

Proof of part c)

We write
(fg)(¥) — (fg9)(c) _ F(x)g9(x) - f(c)g(c)
X—C X—C
_ F(g(x) - f(x)g(c) + g(c) f (x) - f(c)g(c)
X—C
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Then taking limits:

o (19)09~ (fg)(©) _

X—C X—C

~ fim f (x) lim 99 =9(9)
X-¢C X=C X—C

=f(©)g'(©)+9(c)f'(c)

+g(@)lim- 0=



Example 25.8 uses Mathematical Induction and Theorem 25.7 davghat if f the
function defined byf (x) = X", where n is an integer > 0, then

f'(x)=nx""

Practice 25.9 extends the result to negative integera dfy using the quotient rule.



