Section 19 Subsequences

Definition:  Subsequence of a sequence ( sn ).  For any sequence of natural numbers such that n1 < n2  <  n3 < … < nk < ….,  we can form the subsequence 
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Theorem 19.4:  If a sequence ( sn )  converges to s, then every subsequence also converges to the same limit s. 

Theorem 19.7:  Every bounded sequence has a convergent subsequence. 

The proof of this is very similar to the proof that every Cauchy sequence converges (Theorem 18. 12 – Cauchy Convergence Critereon)

Definitions

 a)  A subsequential limit of a sequence ( sn ) is the limit of some convergent subsequence of  ( sn ).  
b)  Consider the set S of all subsequential limits of ( sn ).  
Then the limit superior of ( sn ), 

                    lim sup  sn    = sup S
and the limit inferior of ( sn ), 

                    lim inf  sn    = inf S

Example:  Practice 19.13 (page 186)
For unbounded sequences, we can consider a sequence that is unbounded above to have lim sup  sn    = ∞ .   A sequence that is unbounded below may have a lim sup  sn    = -∞  -- This would occur when it has no convergent subsequence. 

We have similar cases for the lim inf sn .
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