Section 18 Monotone Sequences and Cauchy Sequences
Def.: a) A sequences{) is (monotone) increasing &,< s,+1 for all n.

b) A sequences() is (monotone) decreasing > s,+1 for all n.

18.3 Monotone Convergence Theorem: Every bounded monotone sequence
converges.
i.e. If a sequence is monotone and bounded,itloamverges.

Note: We already know that if a sequence convetges it is bounded. (This does not
require that the sequence be monotone — Theoreh3)16.

Proof of the Monotone Convergence Theorem
(1) Assume that the sequence is monotone incrgaasm bounded.
(2) LetS={s, , n=1,2, ...}
(3) Since S is nonempty and bounded it has a lggstr bound, s = sup(S)
(4) Then lims, = s, since:

(4a) Given ang >0, since s¢is notan upper bound for S, there is an
element in S, saysy such that

S-£< &\
(4b) Since the sequence is increasing
SN\ < s foralln>N
(4c) Since s is an upper bound for the set ofasabf the sequence,
S, < s foralln.
(4d) Combining the above three inequalities weehav
S-e< sy <s,<sforalln>N.
(4e) Hence we have by definition ligp=s.

Exercise: Complete the proof by showing that essaquence is decreasing, it
converges using a greatest lower bound argument.



Theorem 18.8

a) An unbounded increasing sequence divergesto +

b) An unbounded decreasing sequence diverges 1o -
Proof of a).

Q) LetS={s, , n=1,2, ...}

(2) Sis unbounded above.

(3) Thus given any real M, we can find an N sueit § > M.
(4) Since the sequence is increasing; M for all n > N.

(5) By definition, the sequence diverges to. +

In Class Exercise: write out the proof for part b)



Definition: Cauchy Sequence. A sequence is a Cauchy sequence if for ewer9
there exists an N such tha, | s | <€, wheneven, m>= N.

18.10 Lemma: Every convergent sequence is a Cauchy sequence.

Proof:

(1) Suppose that gonvergs to s.

(2) Given are>0, choose N such tha|— s |<€/2 forallk> N

(3) Then-sn|= [sn—5S +s- 5|

< h-s|+[s-®]|
< g2+ ¢€/2 =¢ foralln,m>N

(4) By definition the sequence, $s Cauchy.



18.12 THEOREM
(Cauchy Convergence Criterion) A sequence of realbers is convergent if and only if
it is a Cauchy sequence.

Proof:

We have already shown (Lemma 18.10) that a conwésggjuence is a Cauchy
Sequence.

For the converse we suppose t(ﬁab is a Cauchy sequence and let
S={s,:nON }be the range of the sequence.

We consider two cases, depending on whe$heffinite or infinite.
Casel:

(1) If Sis finite, then the minimum distane@between distinct points &is
positive.

(2) Since(s,) is Cauchy, there exists a numbesuch thatm,n > N implies that
s, =S| <€

(3) Letn, be the smallest integer greater tiNan

(4) Givenanym> N ,s, ands, are both ir§ so if the distance between them

is less thare, it must be zero (sinceis the minimum distance betwedistinct
points inS).

(5) Thuss, =s, forall n>N. It follows that lims, =s.



Case 2. Now suppose th&is infinite.
(6) From Lemma 18.11 we know tHais bounded.

(7) Thus from the Bolzano-Weierstrass Theoremglthere exists a poistin
[ that is an accumulation point &f

(8) We claim thals,) converges ts since:

(9) Given anys > Othere exists a numba¥such thats, —s,|<&/2
whenevermn > N .

(10) Sincesis an accumulation point & the neighborhood
N(s;£/2) = (s— £/2,5+£/2)contains infinitely many points &

(11) Thus in particular there exists an integer N such that
s, ON(s;e/2).

(12) Hence for ang>N we have
[0 =9 =8 =SS0 -9
E £
< |Sn_sm|+|sm_sl<_+_:€'
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(13) Therefore, ling, =s .



