Lemma 14.4 If Sisanonempty closed, bounded subset of R, then S hasa maximum
and a minimum.

Proof:

(1) By the Completenss Axiom:
Since Sis nonempty and bounded, S has a supremum, m = sup(S).

(2) Supposethat misnot amember of S. We will arrive at a contradiction:
(@) Consider any neighborhood N(m,g) of m.
(b) Theremust bean xin Sthat is greater than m- €. (Why?)
(c) Also x must be lessthan m. (Why?)
(d) Thusxisapointin Sthatisin N*(m, €).

() Thismeansthat misan

(f) ButsinceSis , misin S, acontradiction.

(3) Thusmisamember of S, and S has amax.

The argument for a minimum would be similar.



