Section 1 Introduction


The context of this paper is geared toward a direct look at the mathematics behind Albert Einstein’s theory of relativity.  It takes a particular look at the Lorentz transformation, the mathematical foundation for relativity.  Lorentz was a distinguished physicist aside from his contribution to relativity as is explained in the next section.  Knowing his background, it is much easier to see the significance of his transformation and how well it was regarded as valid.  However, before the significance of the transformation can be explained the theory of relativity must be defined and outlined, at least as far as mathematics is concerned.  Defining relativity and the mathematics it incorporates, it becomes clear what part the Lorentz transformation played in the scheme of things.  A better understanding of the transformation comes from both a definitive stance and a simple derivation of the concept and what it all means mathematically.  In the end, it will be clear that both Einstein and Lorentz were brilliant minds.  The Lorentz transformation not only makes relativity mathematically possible but also has many applications to physics today.

Section 2 Hendrik Antoon Lorentz
Hendrik Antoon Lorentz was born on July 18, 1853 at Arnhem, also known as The Netherlands.  He was the son of Gerrit Frederik Lorentz, a nursery-owner, and his wife née Geertruida van Ginkel.  née Geertruida van Ginkel died when Lorentz was just four years old and in 1862, his father would marry for  a second time to Luberta Hupkes.

At this time Lorentz’s grade school not only had school hours in the morning and in the afternoon, but in the evening as well.  It was during these later hours that teaching was less expensive.  This system allowed Lorentz to be placed in the 3rd form in 1866, when the first high school (H.B.S.) at Arnhem opened.  He was considered a gifted pupil in his time.  Upon completion of the 5th form and a full year of study of the classics, Lorentz entered the University of Leyden in 1870.  By 1871, he obtained his B.Sc. degree in mathematics and physics.  He returned to Arnhem in 1872 to become a night-school teacher.  While teaching evening classes, Lorentz spent time preparing for his doctoral thesis on the reflection and refraction of light.

Lorentz obtained his doctor's degree at the early age of 22 in 1875.  Just three years later, he was appointed to the Chair of Theoretical Physics at Leyden.  This was a newly created position specifically for him.  Although Lorentz was offered many chair positions elsewhere, he remained faithful to his Alma Mater.  In I88I Lorentz married Aletta Catharina Kaiser.  The couple had two daughters and one son.  The eldest daughter Dr. Geertruida Luberta Lorentz was a physicist who married Professor W.J. de Haas, Director of the Cryogenic Laboratory (Kamerlingh Onnes Laboratory) of the University of Leyden.

In 1912, Lorentz accepted a couple of positions at Haarlem as Curator of Teyler's Physical Cabinet and Secretary of the "Hollandsche Maatschappij der Wetenschappen" (Dutch Society of Sciences).  His faithfulness at Leyden continued when he remained as Extraordinary Professor.  He continued to deliver Monday morning lectures for the rest of his life.  The directors of Teyler's Foundation allowed Lorentz to be freed from routine academic obligations.  This gave him the ability to spread himself further in the highest secluded realms of science.

In 1919, Lorentz was appointed Chairman of the Committee.  The committee was to study the movement of seawater and his resulting theoretical calculations have been confirmed in actual practice.  Since then, they have proved to be of permanent value to the science of hydraulics.  In the years to follow, an overwhelming number of worldwide honors and distinctions were bestowed upon Lorentz.  He presided over international gatherings with a judicial character and knowledge of the languages.  Lorentz spent the rest of his life as Chairman of all Solvay Congresses.  “In 1923 he was elected to the membership of the "International Committee of Intellectual Cooperation" of the League of Nations. Of this Committee, consisting of only seven of the world's most eminent scholars, he became the President in 1925.”

Lorentz’s scientific work would start with his doctoral thesis where he extended James Clerk Maxwell's theory of electricity and of light treating to some degree the reflection and refraction phenomena of light.  “In 1878, he published an essay on the relation between the velocity of light in a medium and density and composition thereof.  The resulting formula, proposed almost simultaneously by the Danish physicist Lorenz, has become known as the Lorenz-Lorentz formula.”  Lorentz commented on this formula in his Nobel Lecture on The Theory of Electrons and the Propagation of Light.

When I drew up these formulae I did not know that Lorenz at Copenhagen had already arrived at exactly the same result, even though he started from different viewpoints, independent of the electromagnetic theory of light. The equation has therefore often been referred to as the formula of Lorenz and Lorentz.  Nobel Lecture, December 11, 1902

Lorentz later contributed to the study of the phenomena of moving bodies.  He followed A.J. Fresnel's hypothesis of the existence of an immovable ether, which freely penetrates all bodies.

Lorentz came up with perhaps his most significant contribution to science in 1904.  Lorentz based his transformation on the fact that electromagnetic forces between charges are subject to slight alterations due to their motion.  The Lorentz transformation mathematically described the resulting contraction in the size of the moving bodies.  The transformation not only adequately explained the apparent absence of the relative motion of the Earth with respect to the ether, but also paved the way for Einstein's special theory of relativity.  Lorentz died at Haarlem on February 4, 1928.

Section 3 Einstein and Relativity

Nearly one hundred years ago, in 1905, a German physicist by the name of Albert

Einstein wrote a proposal known today as the special theory of relativity.  Though he was not the first to propose all of the components of the special theory of relativity, he is accredited with unifying classical mechanics and James Maxwell’s electrodynamics.  In the next few years, Einstein sought to extend his theory.  He made significant steps in making such an extension.  These steps included equating gravitational mass to inertial mass, making preliminary predictions about how a ray of light from a distant star passing near the Sun would appear to be bent slightly in the direction of the Sun, and significant work with tensor calculus.  It was not until late in 1915 that Einstein published his completed theory of relativity, including both the special and general principles.

Ironically, Einstein didn’t create any new ideas or come up with any new math when formulating his theory of relativity.  He simply recognized the significance of others’ works and compiled them to formulate his theory.  In fact Poincaré came close to the special theory of relativity in an address he gave in 1904 stating; “ ... mark what on may call the local time. ... as demanded by the relativity principle the observer cannot know whether he is at rest or in absolute motion.” (O'Connor).  Just twenty-five days before Einstein would publish his first paper on relativity, Poincaré published a work suggesting that all forces should transform according to the Lorentz transformations.  These transformations would be the mathematical basis for the finished product of Einstein on relativity.  Similarly, David Hilbert submitted a paper on general relativity just five days before Einstein and his work includes to this day some important contributions to relativity not found in Einstein's work.

Section 4 What is Relativity?


Relativity is essentially a principle of the physical relativity of motion.  It is a two-fold theory that was formulated as such containing both special and general principles.  The special principle of relativity refers to uniform motion and it can be stated as: the laws of nature are the same for all inertial reference systems.  This can be interpreted in the following manner:

The principle of relativity requires that the law of conservation of energy should hold not only with reference to a co-ordinate system K, but also with respect to every co-ordinate system K’ which is in a state of uniform motion of translation relative to K, or, briefly, relative to every “Galileian” system of co-ordinates.  In contrast to classical mechanics, the Lorentz transformation is the deciding factor in the transition from one such system to another.  (Einstein 51)

Galileian system of co-ordinates will be defined later.  For now, we shall concern ourselves only with defining relativity.


The general principle of relativity can be stated as: “All Gaussian co-ordinate systems are essentially equivalent for the formulation of the general laws of nature.”  In other words, “All bodies of reference K, K’, etc., are equivalent for the description of natural phenomena (formulation of the general laws of nature), whatever may be their state of motion.”  (Einstein 69)  A consideration of the mathematics involved with relativity will help to explain these principles and give a more clear definition to the co-ordinate systems mentioned.

Section 5 Relativistic Mathematics
5.1 Co-ordinate Systems

Beginning as Einstein did, it is important to define the different systems of co-ordinates.  The first system known as the Cartesian co-ordinate system refers to classical Euclidean geometry.  This system consists of three surfaces perpendicular to one another, which are rigidly attached to a rigid body, an object of mass.  In this system, any event occurring within is referred to by means of three co-ordinates, (x, y, z), each corresponding to one of the three surfaces previously mentioned.  Euclidean geometry applies to such a system.


In order to understand what a Galilean co-ordinate system is we must first consider the law of inertia.  It can be stated as follows: “A body removed sufficiently far from other bodies continues in a state of rest or of uniform motion in a straight line.”  Using this definition for the law of inertia it can then be said that; “A system of co-ordinates of which the state of motion is such that the law of inertia holds relative to it is called a ‘Galilean system of co-ordinates.’  The laws of mechanics of Galilei-Newton can be regarded as valid only for a Galilean system of co-ordinates.”  (Einstein 8; 13-14)


Unlike the first two co-ordinate systems, Gaussian co-ordinates are much more general and inclusive of other systems.  “It is clear that Gauss co-ordinates are nothing more than an association of two sets of numbers with the points of the surface considered, of such a nature that numerical values differing very slightly from each other are associated with neighboring points ‘in space.’”  Einstein explains this vague definition in detail by summing it up as this:

Gauss invented a method for the mathematical treatment of continua in general, in which ‘size-relations’ (‘distances’ between neighboring points) are defined.  To every point of a continuum are assigned as many numbers (Gaussian co-ordinates) as the continuum has dimensions.  This is done in such a way, that only one meaning can be attached to the assignment, and that numbers (Gaussian co-ordinates) which differ by an indefinitely small amount are assigned to adjacent points.  The Gaussian co-ordinate system is a logical generalization of the Cartesian co-ordinate system.  It is also to non-Euclidean continua, but only when, with respect to the defined ‘size’ or ‘distance,’ small parts of the continuum under consideration behave more nearly like a Euclidean system, the smaller the part of the continuum under our notice.  (Einstein 99-100)

At this point, it would help to know what is meant by continuum.  There are three types of continua to consider.

5.2 Continua
Before examining specific types of continua, it is important to understand what is meant by continuum.  In terms of points a continuum is that which holds the following property:  The ability to pass continuously from one point to a “neighboring” point without executing “jumps.”  This is what is meant when something is said to have continuity.  Essential it is being labeled as a continuum.

Euclidean continua are continua whose points can be described by means of Cartesian co-ordinates in reference to one another.  That means that Cartesian co-ordinates are used to describe the transform from one point of the continuum to another point of the same continuum.  In contrast, non-Euclidean continua contain points that cannot be described by the Cartesian co-ordinate system.  Instead, the point-to-point transforms are described in terms of functions other than simple magnitudes of distance.  The space-time continuum is a specific example of non-Euclidean continua that is described as having four Gaussian co-ordinates, namely (x, y, z, t).  It is now possible to look at what is meant by transform, knowing what is meant by co-ordinate system and continuum.

5.3 Transforms and Invariants

Before exploring in detail the Galilei and Lorentz transformations, it is important to know what is meant by transformation and invariant.  In general, a transformation is a change from one state of being to a different state of being.  In mathematics, a transformation is considered the replacement of variables in an algebraic expression by their values in terms of another set of variables or a mapping of one space onto another or onto itself.  For relativity, both of the mathematical definitions are accurate.  In terms of relativity, a transformation is the replacement of variables for one frame of reference by their values in terms of another set of variables for another frame of reference.  This is also a mapping of the values of one frame of reference in relation to another frame of reference via means of a transformation.  An invariant simply means constant.  In relativistic terms, an invariant is a quantity, function, configuration, or system that remains unaffected by a relativistic transformation.

One final definition required before continuing is that of a “frame of reference.”  In general, a frame of reference is a collection of conditions, axes, or assumptions, which establish how something will be approached or understood.  For the purpose of relativity, a frame of reference, also called a reference frame, will be defined as a set of coordinate axes in terms of which position or movement may be specified or with reference to which physical laws may be mathematically stated.

In order to understand what the Galilei and Lorentz transformations, are a brief scenario must be established.

Let K be an arbitrary co-ordinate system and K’ a second arbitrary co-ordinate system where the three planes of K’ are perpendicular to the three planes of K.  An event would be fixed in space with respect to K by the three perpendiculars x, y, z on the co-ordinate planes, and with regard to time by a time-value t.  Relative to K’ the same event would be fixed in respect of space and time by corresponding values x’, y’, z’, t’, which are not identical with x, y, z, t.  The figure below illustrates such a scenario.
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Figure 1
With this scenario the following problem can be formulated:  What are the values of x’, y’, z’, t’, of an event with respect to K’, when the magnitudes x, y, z, t, of the same event with respect to K are given?  The Galilei and Lorentz transformations will help to answer this question.

According to the Galilei transformations the values sought are:

x/  = x-vt

y/ = y

z/ = z

t/ = t
According to the Lorentz transformations the values sought are:
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These systems of equations are known as the Galilei and Lorentz transformation, respectively.  It should be noted that the Galilei transformation could be obtained from the Lorentz transformation by substituting an infinitely large value for the velocity of light c into the latter transformation.  This difference in transformations is the difference between holding the speed of light to be constant and letting it tend toward infinity.  Since the speed of light is considered constant, it is clear that the Lorentz transformation is correct.  With this transformation being the backbone to the mathematical foundation to the theory of relativity, a simple derivation will be made of it in the next section.
Section 7 Simple Derivation of the Lorentz Transformation

The following derivation of the Lorentz transformation comes directly from the first appendix of Albert Einstein’s book Relativity.  It is quoted word for word so that no part of the derivation is taken out of its original context and for keeping the derivation simple.  The figure referred to in the derivation is the same figure presented in section 5.3 of this paper.  The derivation follows hereafter:

For the relative orientation of the co-ordinate systems indicated in Figure 1, the x-axes of both systems permanently coincide. In the present case we can divide the problem into parts by considering first only events which are localised on the x-axis. Any such event is represented with respect to the co-ordinate system K by the abscissa x and the time t, and with respect to the system K' by the abscissa x' and the time t'. We require to find x' and t' when x and t are given. 

     A light-signal, which is proceeding along the positive axis of r x, is transmitted according to the equation

x = ct

or 

x -ct = 0

.
.
.
(1).

Since the same light-signal has to be transmitted relative to K' with the velocity c, the propagation relative to the system K' will be represented by the analogous formula 

x' -ct' = 0

.
.
.
(2). 

Those space-time points (events) which satisfy (1) must also satisfy (2).  Obviously this will be the case when the relation 

(x' –ct)' = λ(x- ct)
.
.
.
(3),

is fulfilled in general, where λ indicates a constant; for, according to (3), the disappearance of (x -ct) involves the disappearance of (x' -ct'). 

     If we apply quite similar considerations to light rays which are being transmitted along the negative x-axis, we obtain the condition 

(x' + ct') = μ(x + ct)
.
.
.
(4). 

By adding (or subtracting) equations (3) and (4), and introducing for convenience the constants a and b in place of the constants λ and μ, where 
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     We should thus have the solution of our problem, if the constants a and b were known. These result from the following discussion. 

[image: image8.wmf]     For the origin of K' we have permanently x' = 0, and hence according to the first of the equations (5)

[image: image9.wmf]     If we call v the velocity with which the origin of K' is moving relative to K, we then have 

     The same value v can be obtained from equations (5), if we calculate the velocity of another point of K' relative to K, or the velocity (directed towards the negative x-axis) of a point of K with respect to K'.  In short, we can designate v as the relative velocity of the two systems.

     Furthermore, the principle of relativity teaches us that, as judged from K, the length of a unit measuring-rod which is at rest with reference to K' must be exactly the same as the length, as judged from K', of a unit measuring-rod which is at rest relative to K.  In order to see how the points of the x'-axis appear as viewed from K, we only require to take a "snapshot" of K' from K; this means that we have to insert a particular value of t (time of K), e.g. t = 0. For this value of t we then obtain from the first of the equations (5)

x/  = ax.

     Two points of the x'-axis which are separated by the distance ∆x' = 1 when measured in the K' system are thus separated in our instantaneous photograph by the distance 

∆x = 1/a

.
.
.
(7).

     But if the snapshot be taken from K'(t' = 0), and if we eliminate t from the equations (5), taking into account the expression ( 6 ), we obtain
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(7a)

     But from what has been said, the two snapshots must be identical; hence ∆x in (7) must be equal to ∆x' in (7a), so that we obtain 
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(7b).

[image: image13.wmf]     The equations (6) and (7b) determine the constants a and b. By inserting the values of these constants in (5), we obtain the fifth and the eighth of the equations given in Section 5.2. 

.
.
.
(8).
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(8a).

     The extension of this result, to include events which take place outside the x-axis, is obtained by retaining equations (8) and supplementing them by the relations 
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(9)

     In this way we satisfy the postulate of the constancy of the velocity of light in vacuo for rays of light of arbitrary directions, both for the system K and for the system K'. This may be shown in the following manner. 

     We suppose a light-signal sent out from the origin of K at the time t = 0. It will be propagated according to the equation 
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or, if we square this equation, according to the equation

x2 + y2 + z2 -c2t2 = 0
.
.
.
(10).

     It is required by the law of propagation of light, in conjunction with the postulate of relativity, that the transmission of the signal in question should take place--as judged from K’-- in accordance with the corresponding formula 

r’ = ct’,
or,

x’2 + y’2 + z’2 -c2t’2 = 0
.
.
.
(10a).

In order that equation (10a) may be a consequence of equation (10), we must have 

x’2 + y’2 + z’2 -c2t’2 = σ( x2 + y2 + z2 -c2t2)


(11). 

     Since equation (8a) must hold for points on the x-axis, we thus have σ = 1.  It is easily seen that the Lorentz transformation really satisfies equation (11) for σ = 1; for (11) is a consequence of (8a) and (9), and hence also of (8) and (9). We have thus derived the Lorentz transformation. 

     The Lorentz transformation represented by (8) and (9) still requires to be generalised. Obviously it is immaterial whether the axes of K' be chosen so that they are spatially parallel to those of K. It is also not essential that the velocity of translation of K' with respect to K should be in the direction of the x-axis. A simple consideration shows that we are able to construct the Lorentz transformation in this general sense from two kinds of transformations, viz. from Lorentz transformations in the special sense and from purely spatial transformations, which corresponds to the replacement of the rectangular co-ordinate system by a new system with its axes pointing in other directions. 

     Mathematically, we can characterise the generalised Lorentz transformation thus: 

     It expresses x', y', z', t', in terms of linear homogeneous functions of x, y, z, t, of such a kind that the relation 

x’2 + y’2 + z’2 -c2t’2 = x2 + y2 + z2 -c2t2


(11a)

is satisfied identically.  That is to say: If we substitute their expressions in x, y, z, t in place of x', y', z', t', on the left-hand side, then the left-hand side of (11a) agrees with the right-hand side

Section 8 Conclusions
It may well be said that Lorentz was regarded, by all theoretical physicists of his day, as the world's leading spirit, who completed what was left unfinished by his predecessors and prepared the ground for the fruitful reception of the new ideas based on the quantum theory.  His works are perhaps more significant than the theories they support.  He was able, especially in the case of relativity, to put an idea into the form of mathematics and it worked.

Relativity was just the beginning for the Lorentz transformation.  Today it is recognized as resolving issues in regards to simultaneity and other relativistic measurements.  His transformation accounts for such relativistic problems as length contraction, time dilation, velocity, the Doppler Effect, mass, energy, and momentum.  These measurements would not be possible without the transformation.  Man would not have left Earth nearly forty years ago to explore space.

Lorentz was a man of immense personal charm. The very picture of unselfishness, full of genuine interest in whoever had the privilege of crossing his path, he endeared himself both to the leaders of his age and to the ordinary citizen.  His transformation we cannot avoid s those who knew him could not avoid his wonderful personality and character.  Everywhere we are or go the transformation is with us, after all it is how we move relative to one another.
Works Cited

Bevilacqua, Fabio.  H. A. Lorentz, Theoretical Physics and the unification of

Electrodynamics: 1870-1895.  Dipartimento di Fisica “A. Volta”, Universita di

Pavia, Italy.  16 Feb. 2004 <http://ppp.unipv.it/Silsis/Pagine/PDF/Lorentz.pdf>

CHAPTER ONE THE SIMPLE INTRODUCTION OF BASIC KNOWLEDGE.  16 Feb.

2004 <http://xz.vip.sina.com/ebdy1.htm>

D’ Abro, A.  The Evolution of Scientific Thought.  New York:  Dover Publications, Inc., 

1950.

Dictionary.com.  16 Feb. 2004 <http://dictionary.reference.com/>

Einstein, Albert.  Relativity The Special and General Theory.  New York:  Wings Books, 

1961.

Forinash, Kyle.  Notes on Special Relativity (10/1/02).  Indiana University Southeast.  16

Feb. 2004 <http://physics.ius.edu/~kyle/P301/relativity.html>

Gautreau, Ronald, and William Savin.  Theory and Problems of Modern Physics.  2nd
Ed.  New York:  McGraw Hill,  1999.

H. A. Lorentz.  The Free Dictionary.  16 Feb. 2004

<http://encyclopedia.thefreedictionary.com/H.%20A.%20Lorentz>

Hendrik A. Lorentz – Biography.  Nobel Lectures, Nobel e-Museum.  16 Feb. 2004

<http://www.nobel.se/physics/laureates/1902/lorentz-bio.html>

Kharlampovich, Olga.  Topics in Geometry, 189-348A, Part 3.  16 Feb. 2004

<http://www.math.mcgill.ca/~olga/sup2.PDF>

Lorentz, Hendrik Antoon.  Hendrik A. Lorentz – Nobel Lecture.  Nobel Lectures, Nobel

e-Museum.  16 Feb. 2004

<http://www.nobel.se/physics/laureates/1902/lorentz-lecture.html>
McKenzie, A. E. E.  The major Achievements of Science Volume I.  Cambridge:

University Press, 1960.

McKenzie, A. E. E.  The major Achievements of Science Volume II.  Cambridge:

University Press, 1960.

O'Connor, J. J., and E. F. Robertson.  Albert Einstein.  St. Andrews.  16 Feb. 2004

<http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Einstein.html>

O'Connor, J. J., and E. F. Robertson.  General relativity.  St. Andrews.  16 Feb. 2004

<http://www-gap.dcs.st-and.ac.uk/~history/HistTopics/General_relativity.html#23

>

O'Connor, J. J., and E. F. Robertson.  Hendrik Antoon Lorentz.  St. Andrews.  16 Feb.

2004 <http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Lorentz.html>

O'Connor, J. J., and E. F. Robertson.  Special relativity.  St. Andrews.  16 Feb. 2004

<http://www-gap.dcs.st-and.ac.uk/~history/HistTopics/Special_relativity.html#46

>

Reany, Patrick.  Einstein's development of special relativity.  16 Feb. 2004

<http://www.ajnpx.com/html/Einstein's-development-of-special-relativity.html> 

Science.  Gooddy Images.  16 Feb. 2004

<http://www.gooddy-images.com/science/index.html>

Whittaker, Sir Edmund.  From Euclid to Eddington.  New York:  Dover Publications,

Inc.,  1958.

� EMBED Word.Picture.8  ���











PAGE  
2

[image: image17.wmf]_1142924628

_1142924645

_1142923376.doc
Figure 1[image: image1.png]






