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Abstract

Pierre de Fermat is the man responsible for giving the world a theorem so challenging, its proof has been worked on for hundreds of years. His theorem, better known as Fermat's Last Theorem (FLT), has been one of the world's greatest unsolved problems since it was discovered in the seventeenth century. Since then, mathematicians have exhausted countless hours and resources trying to come up with a stable proof. However, after thousands of public attempts and rewards offered, a semi-stable proof was discovered in 1993. This research paper looks not only into the proof, but outlines where the failed attempts went wrong. 

Section 1 Introduction
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Imagine reading a book written by one of the greatest mathematicians history has ever seen. While studying the mathematical genius which made its way through the ages, a light bulb of vision not only flickers, but explodes. You have just made a discovery that will change the world of mathematics. However, after formalizing the new and radical theorem and hypothetically solving it step by step, all the evidence is lost and is never given a second thought. Though only an imaginary case, events like this have taken place throughout the history of the world. 

While studying Diophantus’ Arithmetika, Pierre de Fermat busied himself by making notes in the margins while working through the problems (Mahoney, 21). Somewhere along the way, Fermat had an epiphany. Eventually called Fermat’s Last Theorem, he theorized that the Diophantine equation, 
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, where x, y, z, and n are integers, has no nonzero solutions when n is greater than two. 
Though it seemingly simplistic, the proof which Fermat claimed he could demonstrate, was never found. Only after his death was his theory discovered, creating one of the greatest mathematics mysteries the world has seen. Thousands of proofs have been published in the past few hundred years, yet none were completely able to satisfy the theorem. However, in 1993, after combining new conjectures to previously incomplete work, a semi-stable proof finally satisfied the theorem (Weisstein, 1). The beast known as Fermat’s Last Theorem was finally slain, and the mathematical world could finally take a deep breath.

The countless attempts throughout history to devise a working solution were not attempted in vain, however. A whole new branch of mathematics was discovered, and other unsolved theorems indirectly lent helping hands. 
There was more to this man that just his famous theorems. He was, in reality, not even a mathematician, but a politician and a Member of Parliament. It was Fermat’s mathematical contributions in number theory and proof-work which are still so astounding that laid the foundation for what is known today, and what he is best known for.
Section II Biography

Pierre Fermat was born around August, 17th, 1601, in Beaumont-de-Lomagne, France, a town almost 500 miles away from Paris (Figure 1A). His father, Dominique Fermat, was a wealthy leather merchant and second magistrate of Beaumont (Mahoney, 13). Claire de Long, his mother, was daughter of a local prominent family. Fermat had three siblings, two sisters, Louise and Marie, and a brother, Clément (13). 
Very little evidence exists regarding the social or educational life of the Fermat family. However, in a manner very similar among the wealthy youth of his day, Fermat chose law as his profession. After enrolling at the University of Toulouse in France, Fermat transferred to the University of Law at Orléans (Almanac, 3). On May 1, 1631, at the age of 29, he received a Bachelor’s Degree in Civil Laws. Thirteen days later, his life in parliament began after being appointed to the lower level. Within a year of receiving his degree, Pierre Fermat changed his name to Pierre de Fermat, married Louise de Long, and acquired the provisions of the offices he purchased some months earlier (Mahoney, 22). Life seemed to be going very well for the young politician and mathematician. 

In 1638, Fermat was finally boosted from one of the lowest chambers Parliament. Slowly, but surely, his status in government rose. The Plague broke out in the early 1650’s, leaving many seats unoccupied due to the deaths of officials (Mahoney, 50). Since he was untouched by the Plague, Fermat was given the promotion to the highest level of parliament. 
Section III Early Life in Mathematics

Before transferring to, and eventually graduating from, the University of Law at Orléans, Fermat began work in the field of mathematics. In the second half of the 1620’s, a move to Bordeaux brought about his first serious mathematical research (Bell, 56). On his own will, he restored the “Great Geometer” Apollonius’ Plane loci (On verging constructions). It was also around this time when Fermat did important work on maxima and minima (58). 

Fermat was not simply interested in problem solving, but finding deeper meaning behind given equations (Littlewood, 60). A number theorist at heart, he was never one to pass up or hesitate offering a whole-hearted challenge. 

In 1632, Fermat first met Pierre de Carcavi, a fellow member of parliament of Toulouse. Their relationship quickly grew into a strong friendship and Carcavi had prominent influence in helping spread the mathematical research of Fermat (St. Andrews, 3). Like Fermat, Carcavi was not interested in the physical applications of mathematics. Together, they discussed and circulated challenge problems to all the major mathematicians Europe had to offer (4).
Fermat’s reputation as a mathematician increased expeditiously. However, there were many who had problems with his unpolished work. The fact of the matter is Pierre de Fermat was a genius when it came to the field of mathematics, but much of his work used methods which had never been used or even seen. He was also quick to scrutinize and critic the work of other mathematicians (Weisstein, 3). His feud with Descartes was a highly distinguished one; with so much of his work floating around the country, word eventually reached Descartes that his work was torn apart by the young Fermat. As a means of retaliation, Descartes adamantly and publicly denounced Fermat as a reliable mathematician (5). Interestingly enough, years after their feud was at its peak, Descartes sought the help of Fermat with a challenge problem of his own.
Section 4a Fermat’s Last Theorem (FLT)
Statement & Background Information
It is simply mind-boggling to consider someone more than three hundred years ago not only theorized, but apparently solved a problem with the magnitude of Fermat’s Last Theorem. It is a shame his colleagues and peers did not express the same interest in number theory as Fermat did, or the problem might have been proven long ago. Instead, the proposed idea was only written in the margin of Diophantus’ Arithmetika and left to simmer in the mind of a genius.
It wasn’t until 1670, almost five years after the death of Pierre de Fermat was his supposed “last” and most brilliant theorem was discovered. His eldest child, Clement-Samuel, shared a similar interest in mathematics as his father, and it was he who discovered it when perusing his father’s notes. Unfortunately, no proof was included; instead, Fermat wrote, “I have discovered a truly remarkable proof which this margin is too small to contain.”
The statement written by Fermat eventually being known as Fermat’s Last Theorem, FLT for short, in plain English says the following:
It is impossible for a cube to be the sum of two cubes, a fourth power to be the sum of two fourth powers, or in general for any number that is a power greater than the second to be the sum of two like powers.
 

Fermat is referring to the Diophantine Equation,
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 where x, y, z, and n are integers. According to FLT, this equation has no nonzero solutions for n greater than two. For the cases where n is equal to either one or two, there are infinite solutions allowing the equation to be satisfied. When n equals one, the equation turns into a simplistic addition and subtraction problem able to be solved using algebra. When n equals two, the math gets slightly more involved; there are a number of “elementary” formulas proven to find Pythagorean triplets, which of course are in the form of 
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 Therefore, when n is two, there are infinite solutions able to satisfy the equation.
Questions have been raised as to whether Fermat’s proof was completely valid and accurate. Since it was not written down, it is impossible to know for certain. However, Fermat did prove his theorem true for cases when n was three and four. 

Some of the greatest known mathematicians have either attempted to solve or made invaluable contributions in solving FLT.  Carl Friedrich Gauss, Christian Goldbach, Sophie Germain, Dirichlet and Kummer are just a small number of mathematicians who, at one time or another, worked with FLT. However, it still remained unsolved through most of the 20th century and easily made it’s way into the record book for the most fallacious proofs on a single problem. Between 1908 and 1912, over 1000 flawed proofs were published (Weisstein, 5). Also, at times, large rewards were offered to those who could devise a working and stable proof, but little progress was made in trying to proof FLT true for infinitely large numbers. 
Section 5b Fermat’s Last Theorem
Cases n = 4 or any odd prime

The mathematics involved in proving FLT for even the smallest of numbers take a great amount of work. Choosing n equal to four as a representation of the intense mathematics should show the reader how difficult proving infinitely large numbers has been. As the numbers representing n increase, it seems the level mathematics involved increases many times over. Proving FLT when our unknown integer n is either four or any odd prime is much more complicated that proving why FLT does not exist when n is one or two. The mathematics involved, however, is still considered elementary and able to be solved by a math novice.
By the definition of divisibility, n must be divisible by either four or a prime, p. Knowing this, the original equation,
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 can be transformed into
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, where n = pq. Another important step is to make sure our unknowns x, y, z are co-prime and have no common factors.
 Also, all of the quantities can be assumed positive.
By letting 
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, Euler showed 
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therefore,
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 where a, b are any real numbers. However, Euler also states if 
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is a cube, then a and b exist such that p and q are as above, which is not accurate. This method is imaginative, with numbers in the form of 
[image: image12.wmf].

3

-

+

b

a

These imaginative numbers behave in a unique way, very different from integers. 

All numbers are in the form of either 2m or 2m + 1 because all are either even or odd
. In the case of a square, the form becomes either 
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; That is, 4M or 4M + 1. The forms 4M + 2 or 4M + 3, therefore, cannot be squares. This proves either x or y must be even, though which one does not matter. Applying this to the special case 
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, and using the equations
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where a and b are co-prime and not both odd, we see that for 
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, a cannot be even because b would be odd, leaving the equation in the form of 4M + 3, which is impossible.  
 Rearranging what we now know gives us
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,
where no two of  a, b, x have no common factors. 
The next step in the proof incorporates our p and q values, creating the equations
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where p and q, like a and b, are both not odd. From this,
y2 = 2ab becomes
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and since p and q are co-prime by definition, each is co-prime to the value p2 + q2, and all must be perfect squares. Once again, making new equations and using new variable is necessary:
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and thus,
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The value z is greater than the square of the sum of r and s, which itself is greater than t to the fourth power. Also, the unknown t is less than the fourth root of z. “It follows that if one solution of the equation 
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is known for which none of the unknowns is zero, another solution (r,s,t) can be found for which none of the unknowns is zero and such that  t < 
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t1 < 
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which is clear absurd. This proves the impossibility in the case of n = 4, the method of proof being known as the method of infinite descent.”

Section 5c: Fermat’s Last Theorem
General Solution & Proof

The discovery of a proof for FLT in 1993 by Andrew Wiles certainly allowed the world of mathematics to finally take a deep breath. 

After Euler’s flawed attempts to solve FLT, a major discovery was made that split the theorem into two cases. The first, as seen above when n was equal to four or any prime, none of the quantities x, y, z were divisible by n. However, there were special cases when n or 2n + 1 are primes, making way for case two, where one and only one of the values x, y, z are divisible by n. The focus of the early nineteenth century mathematicians was on the first, and in fact, Sophie Germain proved it true for all n less than one hundred. Not long after, and with no computer technology, Legendre extended n less than one hundred ninety-seven. 
The realization of the second case once again brought about a rush of proofs. Though invalid in the sense they did not prove n as an infinite quantity, the value of n was steadily increasing. 
A French mathematician Lamé announced his proof of FLT in 1847, but it was later deemed erroneous. However, his proof involved the “factorizing 
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into linear factors over the complex numbers.”
 After many debates among the mathematicians, Kummer discovered and introduced ideal complex numbers. He was also responsible for proving FLT for all regular primes and composite numbers of which they are factors.

By now, the mathematics involved in the attempts to solve FLT was at a level higher most college graduates could understand. Since primes are the building blocks of mathematics, the focus was quickly switched to the multitudes of primes. From around 1900 to 1915, Wieferich, Mirimanoff, Vandiver and Frobenius spent their time proving the equation true using congruencies and relative primes. 
By 1941, it was established that the first case is true for all prime exponents up to 714,591,416,091,398. However, little had been done to prove the second case where n was divisible by x, y, or z. Even with ideal numbers being used, the proofs of FLT were still falling short. The work of Bernard Riemann, who is considered one of the greatest mathematicians in history, on the FLT proved to be another turning point in the attempt to proof FLT. His zeta function eventually allowed  the prime number theory to be proved, which was crucial aide. 
By the 1950’s, and in large regard to Yutaka Tamiyama, there were now two theorems in relation to FLT. The first, A, says if there is a solution (x, y, z, n) to the Fermat equation, 
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then the elliptic curve defined by the equation is semi-stable but not modular. The second, B, says all semi-stable elliptic curves with rational coefficients are modular. However, in Theorem A applies only if the equation 
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, has a solution. We know now, though, that this theorem is of no use because the second was proven by Andrew Wiles in 1993.
In 1955, a conjecture was formed called the Taniyama-Shimura Conjecture. When the conjecture was finally distributed to the public, it opened a whole new chapter in the search for a proof of FLT. Taniyama, much like Fermat in his day, asked questions and in the process, made some astonishing discovers. He was looking into solutions for 
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, an elliptic curve. Some time later, Weil and Shimura revised and fine-tuned the work of Taniyama, forming the Shimua-Yaniyama-Weil Conjecture. 
However, it was not until the middle 1980’s that a connection was made between this conjecture and FLT. The German mathematician Frey made a statement stressing the importance of FLT; this importance runs much deeper than “unimportant curiosity,” but to the roots of mathematics and space (Fermat, 1).  

In 1993, Andrew Wiles released a proof to the public with the notion that if a counter-example could be devised for the Shimure-Taniyama-Weil Conjecture, then one would be provided to FLT (Fermat, 4). After a series of three lectures at Cambridge, Wiles announced his proof as a corollary to the project he was working on. Though he did prove the conjecture and FLT for a “class of examples,” on the blackboard he simply wrote “I will stop here” next to his theorem (6). 
The final chapter in the lengthy book that is Fermat’s Last Theorem was opened on December 4, 1993. Though Wiles had already proved it, there were a number of loose ends he had to tie up. After a bit of refining, he realized the flaws were too many. The mathematics involved easily takes graduate level work and is best understood by the words from Wiles himself:

The key reduction of (most cases of) the Taniyama-Shimura conjecture to the calculation of the Selmer group is correct. However the final calculation of a precise upper bound for the Selmer group in the semi square case (of the symmetric square representation associated to a modular form) is not yet complete as it stands. I believe that I will be able to finish this in the near future using the ideas explained in my Cambridge lectures. 

With help from Richard Taylor, the holes in the proofs were slowly being filled. The two tried using Flach’s method
, or at least on extension of it. At first, no connection could be made and Wiles grew increasingly frustrated. Suddenly, inspiration struck Wiles; a previous unsuccessful attempt was reworked and redefined. On October 6, 1994, Wiles sent his new proof three of his colleagues. The final chapter was complete. The proof was accepted and even more simple than previously submitted attempts. 
The exact proof of FLT is so complex, there is no way to be sure it is one hundred percent correct. When push comes to shove, there will always be a small shadow of doubt looming over. However, after a presentation at a Colloquium in 1995 by Taylor, no real doubt seemed to remain in the minds of those at the high end of mathematics. In summation, Wiles proof worked by replacing elliptic curves with Galois representations
, as well as, by reducing the problem to a class number formula. With  the loose ends were tied up by 1995, the end of an era in mathematics came to an end. 
Section 6: Consequences of Fermat’s Last Theorem & Conclusion
The sheer number of mathematicians who worked on solving Fermat’s Last Theorem is simply astonishing. The names of those who have been involved includes some of the biggest and brightest the game of mathematics has ever seen. It is to no one’s surprise, then, that there were a number of discoveries made in the failed attempts to prove FLT. Of these the three most important are commutative ring theory, ideal numbers, and continued fractions. 
The commutative ring theory was introduced soon after the death of Fermat. Richard Dedekind, a mathematician famous even in his time, was the first to introduce the concept of a ring. A ring is an algebraic structure where addition and multiplication are defined and have similar properties to those familiar from the integers (Littlewood, 78). In the early 1920’s, Emily Noether gave the first axiomatic foundation of the theory of commutative rings. When working on a proof of FLT, she made a discovery leading her to write her book Ideal Theory of Rings (Weisstein, 5).  
Ideal numbers were first formalized by Kummer. Though he solved FLT for a large number n, Kummer’s most important contribution has to be his work with the general law of reciprocity. He realized there were certain assumptions about the unique factorization of numbers into primes [Fundamental Theorem of Arithmetic] were needed, but would not hold true for certain generalized rational numbers. He introduced his “ideal” numbers where this essential  factorization stills occurs (Weisstein, 5). These discoveries, all made in his attempts to solve FLT, became the starting point in the theory of ideals. This work is also prevalent in the Riemann Hypothesis and the prime number theorem. 
Continued fractions are generally used as estimated for irrational numbers, as well as in finding the probability of recurring events in a given time interval (Littlewood, 78). Though the concept was around before FLT, work done in attempted proofs provided incite to properly define what continued fractions actually are and their purpose. 
Fermat’s Last Theorem is, was, and will most likely always be one of the most influential and well-known mathematical theorem. The list of people involved in its proof is so extensive that it literally encompasses the entire world. Peoples lives were changed for the better when a proof was finally accepted in 1995. Since that time, mathematicians continually attempt to update and evolve the solution, as to not only improve it, but to not let it fade into the history books. When Fermat first proposed this problem, there is a high certainty that he actually was not able to solve it and that his supposed proof was flawed. Then again, he lived for a challenge. He would be pleased to know that so many years later, his ideas are still being circulated throughout the world. 
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Fermat – Approximately  35 years old








� The full statement, written in Latin, reads “Cubum autem in duos cubos, aut quadrato-quadratum in duos quadrato-quadratos, et generaliter nullam in infinitum ultra quadratum potestatem in duos eiusdem nominis fas est dividere cuius rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non caperat.” 


* x, y, z = ka, kb, kc, where a,b,c are all unknowns. Factor or divide out k, leaving our unknowns co-prime.


� Where m is an integer


� Euler’s proof, though incomplete, uses these equations to prove the case of n = 4, as well as that none of the quantities have common factors. .


� Mordell, L. J. Three Lectures on Fermat’s Last Theorem. Manchester College of Mathematics, 1962. P.6 


� http://www-gap.dcs.st-and.ac.uk/~history/HistTopics/Fermat's_last_theorem.html


� There is not a lot of information available on this method. It involves the use of elliptic curves and was inspired by Newton. 


� “Galois theory is essentially the "complete" theory of the roots of polynomial equations in one variable.” “Galois' brilliant insight was that one can know essentially "everything" there is to know about the roots of polynomial equations by considering a new object, a group, namely the group of all "reasonable" permutations of those roots. “(Fermat, 2)
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