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Abstract


The Traveling Salesman Problem (TSP for short) dealt specifically with the ideal path a salesman would take while traveling between cities.  Somewhat recently, we have begun using the mathematical concepts of the TSP with other problems.  The math behind the TSP is very useful for saving time and money through optimization.  Throughout this paper, the history and the mathematics behind the TSP will be discussed followed by other applications of the TSP for optimizing problems.

Introduction


The Traveling Salesman Problem, TSP for short, deals with creating the ideal path that a salesman would take while traveling between cities.  The solution to any given TSP would be the cheapest way to visit a finite number of cities, visiting each city only once, and then returning to the starting point.  We also must assume that if there are two cities, city A and city B for example, it costs the same amount of money to travel from A to B as it does from B to A.


For the most part, the solving of a TSP is no longer executed for the intention its name indicates.  Instead, it is a foundation for studying general methods that are applied to a wide range of optimization problems.

Section 1  History of the TSP


Historically, mathematics related to the TSP was developed in the 1800’s by Sir William Rowan Hamilton and Thomas Penyngton Kirkman, Irish and British mathematicians, respectively.  Specifically, Hamilton was the creator of the Icosian Game in 1857.  The Icosian Game, shown on the following page in Figure 1.2, was a pegboard with twenty holes that required each vertex to be visited only once, no edge to be visited more than once, and the ending point
being the same as the starting point (Applegate, “History of the TSP”).  A solution for such a dodecahedron is shown graphically in Figure 1.1 (Weisstein, “Hamiltonian Circuit”).  This kind of path was eventually referred to as a Hamiltonian circuit.  
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Figure 1.1


Figure 1.2
However, the general form of the TSP was first studied by Karl Menger in Vienna and Harvard in the late 1920’s or early 1930’s (Applegate, “History of the TSP”).

Section 2  Defining a Traveling Salesman Problem

There are a couple of important mathematical concepts that must be understood in order to precisely define the TSP.  A TSP is technically an optimal Hamilton circuit in a complete weighted graph.

A complete graph is one whose vertices are joined to one another by a single edge.  A graph is said to be a weighted graph if each edge carries a value.  This value is generally referred to as the edge’s weight, but it represents cost, distance, or some other value.

A Hamilton circuit is a circuit that connects all points on a graph, touching each point only once except for the origin which the circuit returns to once all other points have been visited.  Furthermore, an optimal Hamilton circuit is one with the smallest possible weight (Bowen, “Terminology”).

Section 3  Finding a Solution to a TSP

Solving a TSP can be complicated.  There is no known general way to solve a TSP, so really the only way to solve one is by an exhaustive search with much backtracking and guesswork.

There are a couple algorithms commonly used to approximate a solution to the TSP.  These algorithms do not necessarily yield the optimal solution, but for the sake of time, they do give a fairly accurate result.

The first such algorithm is known as the Cheapest Link Algorithm.  In this algorithm, the edge with the smallest weight is drawn first.  Then, the edge with the second smallest weight is drawn in.  This process continues until it closes a smaller circuit, three edges come out of one vertex, or the process yields the completed Hamilton circuit.

The next algorithm is the Nearest Neighbor Algorithm.  Starting at any given vertex, we would travel to the vertex that would create an edge yielding the smallest weight.  This process is continued until all vertices have been visited once and the path returns to the origin, creating a Hamilton circuit (Bowen, “Algorithms for Finding Hamilton Circuits”).

Section 4  Progress in Solving Some TSPs

The first major TSP to be solved was one that linked a major city in each of the contiguous 48 states and Washington, D.C.  The team that attacked this problem noted that they could work with just 42 of these cities instead of all 49 because the optimal path through the 42 cities passed through the other 7 cities that were left out.

A set of 318 vertices was solved in 1980, seven years after it was introduced.  This time, however, it was not for city-to-city travel.  In this case, the mathematics of the TSP was used to solve a drilling application (Applegate, “Milestones in the Solution of TSP Instances”).

The largest set of points solved is a mapping of 15,112 cities in Germany.  The solution to this problem was obtained on April 21, 2001, and would take approximately 40,500 miles of traveling to complete.  The time taken to solve this problem was relatively long as well.  It was solved using 110 different processors at Rice University and Princeton University.  The average computer speed was equivalent to a Compaq EV6 Alpha processor that runs at 500 MHz, and the total runtime of the computers was 22.6 years, meaning that it took just over 75 days for all of these powerful machines combined to solve the problem (Applegate, “Solution of a 15,112-city Traveling Salesman Problem”).

Currently, there is a World TSP consisting of 1,904,711 cities all over the world.  The best known solution for this problem was submitted by Keld Helsgaun, and it is estimated that his solution is .075% greater than the actual lower bound of a tour of the World TSP.  Figure 4.1 gives an idea of what all of these cities look like mapped together (Applegate, “Views of World TSP Tour”).
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Section 5  Other Applications of the TSP

Obviously, in modern times we have many more uses for the optimization from the TSP.  There are many other ways that it can be applied to more modern issues.  Some problems are practically the same as the traditional TSP, and some are used within much larger, more complex combinatorial problems.

An easy example of a task that uses the same optimization as the traditional TSP problems could be a laser that punches holes on a circuit board in a factory.  The laser travels the least possible distance in order to optimize the energy used to punch holes in the circuit boards.  The mathematics of the TSP can be applied to many problems like this one where the goal is optimization of jobs for a single machine.


As mentioned, the TSP is used within larger, more complex combinatorial problems.  For example, a fleet of semi trucks delivering goods to clients must determine the most efficient way for each semi to deliver its load and return to the loading docks.  It is also important to take into account which clients each truck will visit and in which order they will be visited if each truck can deliver to more than one client.


 In 1962, about eight years after the TSP was first applied for visiting the 49 major cities in the contiguous United States, Proctor and Gamble sparked a wider interest in the TSP by offering a contest that required solving a TSP for 33 cities they chose (Figure 5.1).  They offered a grand prize of $10,000 and 54 $1,000 prizes.  The instructions were to start in Chicago and continue from there to Indianapolis, Marion (OH), and then Erie (PA).  After that, it was up to the contestants to decide in which order the remaining cities should be visited (Applegate, “Traveling Salesman Problem Graphics”).

Section 6  Conclusion


Although we might not think about it, we probably use something similar to the TSP in day-to-day activities.  For example, if we have errands to run, we try to determine the best order they can be done so that it takes the least amount of time.  The TSP is very useful and we often don’t realize that we are applying it to the things we do, but if we had 40 errands to run, we might sit and think about it a little harder before getting in our cars and begin running them.
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