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What is a graph and what exactly is graph theory?  The man that introduced graph theory is Leonhard Euler and the first real graph theory problem will be discussed.  There will also be different types of graphs and their purposes are going to be talked about; some of which include, simple graphs, multigraphs, psuedographs, and directed graphs and multigraphs.  Graph models and their importance and how they work are also important when talking about graph theory.  Some of the graph models are overlap graphs, influence graphs and round robin graphs.  In graph theory there are also special simple graphs.  Some of these special simple graphs are complete graphs, cycles, and wheels.  There are also two specific problems that are related to graph theory; one is map coloring problem and the other is the traveling salesperson problem.  All these items are going to be discussed in detail to better understand the concept of graph theory.  Graph theory was brought about to study methods of going to different points without retracing any steps.  One man in particular seemed to have first introduced and try to analyze this method called graph theory.  Some terms right off the bat that need to be understood are vertex and odd. A vertex is the point at which two or more sides meet.  If a number is odd then it is a number that is not divisible by two.  
GRAPH THEORY AND EULER INTRODUCED


Graph theory was introduced in the eighteenth century by a Swiss mathematician Leonhard Euler.  Euler was born on April 15, 1707 in Basel, Switzerland.  Euler introduced graph theory when the Konigsberg bridge problem came upon him and he was asked to solve it.  In Konigsberg, Germany, a river ran through the city such that in its center was an island, and after passing the island, the river broke into two parts. Seven bridges were built so that the people of the city could get from one part to another. The people wondered whether or not one could walk around the city in a way that would involve crossing each bridge exactly once.
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This posed a problem for Euler.  He could not go from one point to another without crossing at least one bridge twice.  His solution: Euler realized that all problems of this form could be represented by replacing areas of land by points and the bridges to and from them by arcs.  
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After viewing this piece looking for a conclusion, Euler states that there is no possible way to go from one point to another by arc without going back to a point at least once and being stuck with no place to go.  He also states that every vertex with an odd number of arcs attached to it has to be either the beginning or the end of the path, so there can only be up to two 'odd' vertices. 

In graph theory a graph is a collection of dots that may or may not be connected by lines.  In graph theory, it doesn’t matter how the dots are connected, how long the graphs are or even how big the dots are, the only thing that matters is which dots are connected by what lines.  One thing that needs to be remembered when dealing with graph theory is that two dots can only be connected by one line.  Another line cannot be drawn from those same two dots, no matter how far or close together they (the lines) are.  Only one line can connect two dots.  
TERMS TO KNOW FOR GRAPH THEORY


There are other terms that will need to be noted while discussing graph theory.  Some of these terms are: edge, vertex, degree, size, regular, path, circuit, cycle, and node.  An edge is any line that is drawn from one dot to another dot.  A vertex is each dot that appears in the collaboration of dots.  When talking about a degree, it is the degree of the vertex.  The degree of the vertex of the graph is the number of edges that touch it. The size of the graph is how ever many vertices the graph has.  A graph is said to be regular if ever vertex has the same degree.  A path is a route that is traveled along edges and through vertices in a graph. All of the vertices and edges in a path are connected to one another.  A cycle is a path which begins and ends on the same vertex. A cycle is sometimes called a circuit.   A node is a connecting point at which several lines come together.
TYPES OF GRAPHS

Graphs are structures that contain vertices and edges that are connected from each vertex.  There are several different types of graphs that are going to be discussed.  The graphs are determined to be different depending on the number of edges that are connected by the vertices.  

First is a simple graph.  A simple graph can be thought of as G =(V,E) where V is a non empty set of vertices and E is a set of unordered pairs of distinct elements of V called edges (Definition 1).  An example of a simple graph would be a network of computers and telephone lines between computers.  Each computer is represented by a point and each phone line by an arc.  If each computer is connected to another by only one phone line then it is considered to be a simple graph.  Figure 3 shows a good example of how there could only be one phone line between each vertex (computer).
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The next graph is the multigraph.  This graph is similar to a simple graph but has more arc or more telephone lines (from the previous example) from one vertex to another.  A multigraph G = (V,E) consists of a set V of vertices and a set E of edges, and a function f from E to {{u,v}| u,v is an element of V, and u cannot equal v}.  The edges e1 and e2 are then called multiple or parallel edges (Definition 2).  In this case, multiple edges from one vertex to another are allowed.  Not every multigraph can be a simple graph but every simple can be a multigraph.  The reason being because there can be two or more edges that connect the same set of vertices.  An example is shown in Figure 4 below.
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The next type of graph is yet another branch that started from the simple graph.  The newest branch is the pseudograph.  A pseudograph has a loop in it.  A loop is a single edge going from one vertex to itself.  Psuedographs are the most general types of undirected graphs.  The reason behind this is because they may contain loops and multiple edges.  An example is shown in Figure 5.
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In Figure 5, the three points A, B, and C are the three points where an edge go from one vertex back to itself in a circular/elliptical path.  


Directed graphs and directed multigraphs are similar in that each vertex is an ordered pair.  In a directed graph, multiple edges in the same direction are not allowed but loops are.  While in a directed multigraph there can be multiple edges in the same direction.  You can see the very slight but significant difference in Figures 6 and 7 below.
Figure 6
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Figure 7

GRAPH MODELS

Graph models can be shown in many different ways.  Some types of graph models are niche overlap graphs, influence graphs and round robin graphs.  


Niche overlap graphs are most likely found when dealing with animals because so many animals have overlapping areas, such as food webs.  Also some animals breed with each other and a new species is produced.  This is where the niche overlap graphs come in.  A graph can be set up and it can be seen where the new species came from.  In this case, you can assume that each kind of animal is represented as a vertex then they are connected by undirected edges.  

The second type of graph is an influence graph.  This type of graph identifies power and influence structure.  Many people in today’s society are easily influenced. Each person has many people that are associated with different decisions that are made each day.  The power of structure based on personal feelings of loyalty and respect is what influences a person.  An example of an influence graph would be the “umbrella example”.  The umbrella example is about the decision of taking an umbrella or not.  There are three nodes that play a part in the influence graph; the chance, utility, and decision node.   These graphs form a belief network on whether or not an umbrella should be taken.  This network is put together by all the chance nodes.  Figure 8 shows an example of an influence graph where the chance nodes are the weather and forecast, the decision node is the red box and the utility node depicts if the person is satisfied or not (the hexagon).  
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Figure 8
The third type of graph model is a type of model that almost anyone who is interested in sports knows of, a round robin model.  An example of a round robin graph would be if there was a six team athletic tournament, and each team would play each other once.  When looking at the graph, you can see that every vertex has an edge going to each of the vertices.  Each edge of this graph represents the different teams playing each other.  The graph would look like that in Figure 9. 
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SPECIAL SIMPLE GRAPHS

Simple graphs are quite common.  In Figures 10-15 it shows the examples that are always used given when talking about special simple graphs.  


The special simple graphs are called complete graphs because each contains one edge between each pair of distinct vertices. 


The next types of special simple graphs are graphs that contain cycles.  These graphs are basic geometric figures such as in figures 16-18
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Figure 16 has a cycle of three because there are three edges and three vertices.  Likewise for Figure 17, there is a cycle of five because and in Figure 18 there is a cycle of four.  When talking about cycles, the only edges that there should be in the figure are the edges on the outer most area.  There should be no edges going through the middle of the figure.  


The next variations of the special simple graphs are called wheels.  Wheels occur when a point is put into the middle of the figure and edges from each of the outer vertices join at the new point in the middle, like shown in Figures 19-21.                  
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TRAVELING SALESPERSON PROBLEM

Graph theory also brought about the problem of the traveling salesperson.  This problem is the one of the easiest to explain but one of the most difficult to solve.  This problem states that there is a traveling salesperson that needs to visit a certain amount of cities before returning home.  The distances between each city are givens in the given problem.  The salesperson wants to know what route he/she can take to go to every city and back home by going the by the least distance without retracing any steps.  This is a problem that every person encounters when planning a trip.  There are destinations that need to be met and it is most convenient to travel the least distance.  The biggest concern when dealing with this problem is not retracing any steps.  This will take away part in finding the smallest distance traveled.  When “tackling” a traveling salesperson problem, we cannot use brute force.  For example, in the book The Odyssey, Homer Ulysses wanted to visit sixteen cities.  A team of mathematicians took on this problem and ended up figuring out that there were 653,837,184,000 different routes.  This problem took a total of 92 hours to figure out the quickest route without retracing any steps.  


In graph theory, specifically related to the traveling salesperson, when a salesperson can get from every city to every other city directly then the graph is said to be complete.  When a salesperson travels to every city and his last stop is the spot where he started his expedition, the trip is said to be a round-trip.  The length of a tour or of travel is the sum of the lengths of the lines in a round trip. 

GRAPH COLORING


The idea of graph coloring first started with assigning a color to each vertex.  It was then noted that the number of areas could be colored using a less amount of colors than number of vertices.  The goal here was to not color each adjoining area with the same color.  Many times as children, when we color we try not to have the same color “touching” each other, this is the very concept of graph coloring.  This concept then led to the Map Coloring problem.  
MAP COLORING PROBLEM

Mapmakers made the assertion early on that only four colors were needed for the making of all maps.  This in part was assumed because there was never a map that needed five colors.  Mathematicians then started asking questions and wondering if there really was a map that needed five colors to separate all adjoining areas.  They also asked the question “What is it about the way that regions are arranged and touch each other in a map that would make such a thing true?”  This question came to the European mathematicians and they distinguished this as an interesting problem but a solvable problem.  

The map coloring problem dates back to October 23, 1852, by a man by the name of Francis Guthrie who was a student at the University College London under a man named DeMorgan.  After graduating from London, Francis went on to study law.  During the time he was studying law his younger brother, Fredrick also became a student under DeMorgan. During this time Francis asked his brother some questions that he had come up with when it came to map coloring.  Fredrick then took those questions to DeMorgan.  DeMorgan did not have the answers to these questions.  DeMorgan asked some of his colleagues the question that Francis had proposed to him and several of those men started working on the solution.  The solution then came back to DeMorgan almost two decades later.  On July 17, 1879, a man by the name of Alfred Bray Kempe who was a London barrister (lawyer) announced that he had a proof for the Four Color Conjecture.  In Kempe’s proof he used a method of Kempe chains.  His proof is as follows:

If we have a map in which every region is colored red, green, blue or yellow except one, say X. If this final region X is not surrounded by regions of all four colors there is a color left for X. Hence suppose that regions of all four colors surround X. If X is surrounded by regions A, B, C, D in order, colored red, yellow, green and blue then there are two cases to consider. 

(i) There is no chain of adjacent regions from A to C alternately colored red and green.
(ii) There is a chain of adjacent regions from A to C alternately colored red and green. 

If (i) holds there is no problem. Change A to green, and then interchange the color of the red/green regions in the chain joining A. Since C is not in the chain it remains green and there is now no red region adjacent to X. Color X red. 

If (ii) holds then there can be no chain of yellow/blue adjacent regions from B to D. [It could not cross the chain of red/green regions.] Hence property (i) holds for B and D and we change colors as above.

 In 1890 the Four Color Theorem became the Four Color Conjecture because Percy John Heawood showed that Kempe’s proof was wrong and he proved that each map can be five-colored.  Heawood spent sixty years of his life working on the map coloring problem.  “He successfully investigated the number of colors needed for maps on other surfaces and gave what is known as the Heawood estimate for the necessary number in terms of the Euler characteristic of the surface.”  In 1898 he then added to his conjecture that if the number of edges around each region is divisible by three then the regions are four-colorable.  

In graph coloring and map coloring is was then stated that it is ok if two alike vertices are the same color as long as their edges are not the same color.  In 1922 it was stated that only maps that had less than twenty-five regions were four-colorable but as time grew on the number of regions increased.  The largest number of regions on a map that are four-colorable is a map containing 95 regions which was discovered in 1972 by a man named Mayar.  


In 1976 the Four Coloring Conjecture became the Four Coloring Theorem for the second and last time.  This final proof came from two men named Apel and Haken.  They also used Kempe chains to achieve their proof.  

The Four Color Theorem was the first major theorem proved by a computer that was not able to be proved directly by a mathematician.  
CONCLUSION

Graph theory is a big part of everyone’s every day life.  Most people have been doing graph theory since childhood when coloring a picture, to geometric shapes, to figuring out driving distances for a trip.  Many people say that they do not encounter any type of mathematics in their everyday life.  This is one way to prove them wrong.  Everywhere around us there are graphs and graph theory.  
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