The Buffon-Laplace Needle Problem
Given a floor with a grid of parallel lines spaced evenly apart (
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being the distance between the vertical lines and 
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being the distance between the horizontal lines), what is the probability that a needle of length 
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will intersect one of these lines after having been dropped on the floor?

This is an extension of Buffon’s original needle problem, which asks the following question: Given a floor ruled with parallel lines equally spaced 
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distance from each other, what is the probability that a needle of length 
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 will intersect one of these lines after having been dropped on the floor?

Solution to Buffon’s Original Needle Problem: 
Let 
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 equal the shortest distance between the midpoint of the needle and the closest parallel line.  
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Let 
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be the acute angle between the line and the needle.






Let h equal the length of the hypotenuse of the triangle formed by the line, the needle, and x.  

The needle intersects a line if and only if h is greater than half the length of the needle, 
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.  Since the length x is known, the sine rule:
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 can be used to find:
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To find the probability of this occurrence (
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), recognize that x and 
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 are independent uniform random variables on the intervals [0, 
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] and [0, 
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], respectively.  So the probability density function of x is: 


[image: image15.wmf]s

s

x

p

2

2

1

)

(

=

=

 

and the probability density function of 
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 is: 
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Since x and 
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 are independent, we can find the joint density function simply by multiplying the individual density functions: 
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Now, to calculate 
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, the joint density function must be integrated over the correct intervals.  Since the probability to be found deals only with length, the interval for 
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 does not change.  The interval for x, on the other hand, must be modified.  To do this, h must be rewritten as 
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.  So 


[image: image23.wmf])

sin(

2

(

)

2

)

sin(

(

Q

>

=

>

Q

n

x

p

n

x

p


and the interval for x is: 
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Evaluating the double integral gives: 


[image: image25.wmf]p

p

p

p

p

s

n

d

s

n

d

dx

s

n

2

)

sin(

2

0

0

)

sin(

2

0

=

Q

Q

=

Q

ò

ò

ò

Q

.

So if we have a distance between the parallel lines, s, of 5cm and needle 4cm in length, n, the probability that the needle intersects one of the lines after it has been dropped is 
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Solution to the Buffon-Laplace Needle Problem: 

Three variables rather than two must represent the position of the needle in this problem.  The position of one point on the needle must be specified by both an x-coordinate and a y-coordinate, and the third coordinate will specify the “angle,” or rotation, of the needle.  



The left-most tip of the needle will be the point on the needle whose position will be found.  

Let 
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 be the shortest distance between the left-most point of the needle and the first vertical line to the right.

Let 
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 be the shortest distance between the left-most point of the needle and the first horizontal line in the direction of the right end of the needle (up if the needle has a positive slope as in the figure above and down if the needle has a negative slope).  

Let 
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 be the angle formed by the needle beginning at its left-most point and the horizontal line beginning at the left-most point of the needle and extending right.

The rectangular solid S confined by the limits 
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 can identify all possible outcomes of the position of the needle in this experiment.  If R is then the subregion of S that includes all the outcomes in which the needle crosses a line, the probability that the needle crosses a line is given by: 
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To find the volumes of R and S, we will first find the volumes when 
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.  Because of symmetry, we can multiply both of these volumes by 2 to find the total volumes of R and S.  

First, we must find the lengths of the legs of the triangle formed by the needle, the line drawn from the left-most end of the needle, and the line of the grid that the needle intersects.  Using the sine law, the side opposite 
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 must be equal to 
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, and using the cosine law, the side adjacent to 
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 must be equal to 
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.  Also recognize that when 
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 is limited to positive numbers less than 
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, the only way the needle will intersect a line is if 
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 (the needle then intersects a vertical line) or 
[image: image40.wmf])

sin(

q

d

y

£

 (the needle then intersects a horizontal line).  Now we take the length of the legs of the triangle and graph them along with the “angle” variable.  The graphs showing these relations resemble quarters of a circle in both the x,
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and the y,
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 planes.  These quarters of a circle are then extended into 3 dimensions to form cylinders that intersect near the origin.  
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The combined volume of the cylinders gives us half of the total volume of the subregion R.  Now, we must simply find this volume and divide it by the total volume of S.  The volume of the cylinder whose face is shown in the y,
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plane is found by multiplying the area of the face by 
[image: image45.wmf]a

, the maximum length of 
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.  The area of the face is found by evaluation the following integral to find: 
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The volume of this cylinder, then, is 
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.  Similarly, the volume of the cylinder whose face is shown in the x, 
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 plane is found by multiplying the area of the face by b, the maximum length of y.  The area of the face is found by the following integral: 
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The volume of this cylinder is 
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.  We then add these two volumes, but since doing so includes the volume where the cylinders intersect two times, we must now find that volume and subtract it from 
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Since this solid extends from the origin to 
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The total volume of R is: 
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Next, half of the volume of S can be found by finding the volume of the rectangle solid with sides length 
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 (since the rectangle begins at the origin and extends to these limits).  So the total volume of S is:
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Now, we finally use the equation for the probability that the needle intersects a line, which we found earlier and insert the values that we just found:
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So if we had a grid with horizontal parallel lines 5 cm apart and vertical parallel lines 4 cm apart and we drop a 3 cm needle on it, the probability that the needle intersects a line is: 
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