Overview of the Runge Kutta Methods of Order 2 and 4
Recall the Taylor Series Method of Order 2:
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Runge-Kutta 2nd Order Methods  for
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where
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where a1, a2, p and q are appropriately chosen constants to approximate the results of the Taylor’s method without the cumbersome work of computing the derivatives of f(x,y)

Outline of Derivation of Runge Kutta of Order 2:  

With quite a bit of work (which we are not showing):

1. Use the Taylor polynomial of degree 2 for f(x,y) as a function of two variables  -- Apply this Taylor expansion for the 
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2.  Substitute these into the equation for 
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3.  Equate like terms in this expansion for  yi+1 with the Taylor Series approximation of order 2 for yi+1  given by: 
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This would give us the following three equations: 
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Since these are 3 equations in 4 unknowns, we can let one be arbitrary and solve for the remaining three.  
Case I:   
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Write out the Runge-Kutta equations in this case and verify they represent Heun’s Method

Case II:   
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This is called the Midpoint Method.  Write down the Runge-Kutta Equations: 

Case III:   
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This is called Ralston’s Method.  Write down the Runge-Kutta Equations: 

Runge-Kutta Method of Order 4
With even much more work by comparing the Taylor Series Method of Order 4 to get an appropriate “weighted average” of slopes we get the classical Runge-Kutta Method of Order 4 (abbreviated RK4):  
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