M439 Numerical AnalysisLab: Solution of Linear
Systems AX=B by Gaussian Elimination with Pivoting

Matrix Form For Linear Systems of Equations

The matrix form for a linear systemmfequations im variables is A = b, where A is
themxn matrix of coefficientsx is thenx1 column vector whose elements are the
variables, andb is themx1 column vector whose elements are the right Iséohes of the
system of equations. For example, the system befothe left has the matrix form given
on the right:

rntixtin= 6 12 3ix 6
2x — 3x, tix, = 14 2 - 2 x| =] 14
3x xy—lxg =2 32001 -1l = -2

1. In MATLAB the command to solve this system of equations noaily uses the

matrix division operator\". You create the matrix of coefficients A, the wmin vectoib
whose entries are the right-hand side of the egoaéind then comput\b. (That is, to
find x such that A=b, "divide" A by b.) Note A\b gives the solution only if there is a

unique solution.
» A=[]123;, 2-32;, 31-1] Enter the matrix of coefficients A
A=
123
2-32
31-1
» b =16; 14; -2] Enter the column vector representing the right-
hand side of system.
b=
6
14
-2
Obtain the solution.
X =
1.0000
-2.0000
3.0000
» ALK Verify the solution -- does Ax = b?
ans =
6.0000
14.0000
-2.0000

2. Compute the solution to the following systerheauations using th&\b operation.
Write down the answer returned byaML.AB . Also check the answer returned by
MATLAB by "plugging" it in to the system -- i.e., compuéteans and verify thab is



returned.

dx+ dxy+ 3x,tx, =26

xm+dx, + x+ 2x, +5x, =58

—dx *3x,+0x, +6x, =773

xtdx, +hxH2x, ¥, =2

Xy +3x, — 2x, +4x, =13
Solution:

In the implementation of the \" operator in MATLAB number of numerical methods
are used to optimize efficiency and accuracy. V& kat some of the techniques below
(Gaussian elimination with partial pivoting and bacbstitution).

Gaussian Elimination and Upper Triangular Form for Matricesin
MATLAB

Elementary Row Operations

To bring a matrix in upper triangular form, we muse elementary row operations.
An elementary row operation on a matrix is any of the following:

i) (Scaling) Multiply one row byreonzero number.

i) (Replacement) Replace a row with by addanmultiple of one row to that row.
iii) (Interchanges) Interchange two rows.

The matrix form for a system of linear equatiora be represented by thegmented
matrix [A b] where A is the matrix of coefficients on thedtihand side of the equations,
and column b is the constants on the right hanel gidhe system. In MLAB, we
would entefA b] ). To solve a system of equations in matrix fowe,can use the
following method:

Method of Gaussian Elimination: Row-reduce the augmented matrix to upper echelon
form -- called upper triangular form for square nt&s -- using elementary row
operations. Solve the corresponding system usinolg fabstitution.

At each step, starting with top row, we use that to achieve zeros below the leftmost
nonzero value in that row. We then proceed tathd row and repeat, until in upper
triangular form.

Elementary Row Operations

A. To refer to an individual element in a matrixue C(i,j), where i is the row number
and j is the column number.

B. To refer to theth row of a matrix C in MTLAB, use i,:). For example, (3,:) is the
third row of C. To refer to the jth column of a mbain MATLAB, use C(;,j).:). For
example, €,3) is the third column of C.



C. Perform elementary row operations on A as folow

i) (Scaling) To multiply one row by a nonzero scal, use
>> C(i,:) = c*C(i,:)

Example: To multiply the third row of C by 4, enter

>> C

To divide the second row of C by gement @2,1), enter

>>
i) (Replacement) To addtimes thegth row to thath row of C, use
C(,:)=C(i,:) +cLL(,)
Example: To add 2 times row 1 to row 2 of C use
>>

iii) (Interchanges) To interchange tile andjth row use
>3C([ij1,:) = C([j i1.2)

Example: To swap rows 3 and 4 of C use
>>

I mportant Note: When multiplying or dividing by the scalar value of an element in
the matrix, use the matrix element, not itsnumeric value, to avoid rounding off.

4. Practice Solve using Gaussian Elimination

X, + 2%, + X;+4x, =13
2X, +4x, +3x, = 28
4x, + 2%, + 2X; + X, = 20
-3x, + X, +3%x; +2x, =6

Enter the following commands (use recalling of caaniis and editing astutely!)

» ) 328 422120 -3132 6]
1)/ C(1,1))* (1, :
1)/0(1,1))*C(1, :
1)/ (1, 1))*q(1, :
L 2)1C(2,2))*C(2,:
L 2)1C(2,2))*C(2,:

,3)/C(3,3))*C(3,:
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Pivots and Pivoting to Reduce Error

The element on the diagonal of the matrix of ceedfits that is used to achieve zeros
below it is called thgivot. In order to reduce errors in the reduction ofadrix to upper
triangular formpartial pivoting is frequently used in Gaussian elimination.. Thesed
method is as follows:

Repeat for each row in the matrix (except the last)

Step 1. Find the first column with nonzero componentsléckthepivot column). Select
the component in that column with the largest aldsofalue. This component is called
thepivot.

Step 2. Swap the row containing this pivot with the catreow. (This is the pivoting
Step 3. Perform the necessary row operations to obtaimsze the pivot column below
the pivot position.

Pivoting can help reduce round-off error by asguthat in the reduction the largest
possible component in a column is used for dividDiyiding by a small number, which
has been rounded already, may produce a signifioantd-off error. Pivoting may also
need to be performed when the pivot in the nexttme processed -- A[p,p] --is zero --
this is calledrivial pivoting.

6.. Enter the commands shown in the followingmaB session demonstrating partial
pivoting for a sample matrix:

» C=[]2-3.51;, -533.3;, 12 7.8 4.6]; Enter matrix C.
» C([1,3],:)=C([3,1],:) Pivot 12 inlocation (3,1) —swdm get in position (1,1).
C =

12. 0000 7.8000 4.6000

-5. 0000 3.0000 3.3000

2. 0000 -3.5000 1.0000

» C(2,:) = C(2,:)-(A(2,1)/C(1,1))*C(1,:) Obtain0'sin positions below pivot
C =

12. 0000 7.8000 4.6000
0 6.2500 5.2167
2. 0000 -3.5000 1.0000

?:S(?ui) = Q3,:)- (A3, 1)/1,1))*(1,:)

12. 0000 7.8000 4.6000
0 6.2500 5.2167
0 -4.8000 0.2333

Note: Pivot is 6.25 in position (2,2) -- don't dge swap
» C(3,:) = C3,:) - (C3,2)/C(2,2))*C(2,:) Get 0 in position below pivot

C =

12. 0000 7.8000 4.6000
0 6.2500 5.2167

0 0 4.2397



Why We Use Partial Pivoting

Consider the system of equatio)r(|§r y:

. . 011
with augmented matrix form:
112

The solution to this systemxs=1,y =1

If we assume that the coefficients of x and y i $lgystem represent data measurements
subject to error, then the 0 in the matrix couldabalue close to zero, sayf0 We
would like the solution to this system to be asselas possible to the true solution.

Enter the following set of commands to set up suelngmented matrix called M and
solve for x and y using naive Gaussian eliminaéiod back substitution.

epsilon = 107-12

M= [epsilon 1 1 ; 1 1 2]

M2,:) =M2:)-(M21)/M1,1))*M1,:)
Y1 = M2,3)/M2,2)

x1= (M1,3) - M1,2)*y)/M1,1)

Now repeat this process with the modification ahgartial pivoting first

M= [epsilon 11 ; 11 2]

MI[1 2],:) = M[21],:)

M2,:) =M2:)-(M2,1)/M1,1))*M1,:)
Y2 M2,3)/ M2, 2)

x2 = (M1,3 - M1 2)*y)/M1,1)

Compare the values (x1,yl) and (x2,y2) represertiagwo solutions, What happened
in naive Gaussian Elimination cause the loss afiraoy?



