M241 Probability Exam # 3 Practice Questions

1. a) Givenadensity function f(x) for arandom variable X, the probability
P(asX<h) =
b) Draw a sketch of what this means for a given density function f(x) and an interval
(ab). (Shade areathat represents P(a < X <b))

¢) Write down the formula for the expectation E(X) in terms of the density function f(x).
d) Write down the formulafor the cumulative distribution function F(x) in terms of f(x).

2. Suppose that X is arandom variable whose density is
Cc .
f(x) =—,forx>1,and f (x) = 0, otherwise
X

Find a) c b)P[2<X <4] c) E(X) d) E(X?) e) Var(X) f) The cumulative distribution function F(x) for
X.

3. Answer for the following properties of a Poisson(A) Arrival Process.

a T F  Eventsof arrivasover digoint intervals are independent.

b) The average rate of arrivals per unit of timeis

¢) Thenumber of arrivalsintimet hasan distribution.

d) P(arriva in asufficiently small interval At) is approximately

€) Thewaiting times Wy, W5, ... between arrivals are each independent with
distribution

f) Thewaiting times T, until the rth arrival has distribution.

4. Suppose people are arriving at abank at an average rate of 20 per hour according to a Poisson arrival
process. Find:

a) The probability that the fifth person arrives within 5 minutes after the fourth person.

b) The probability that the third person arrives by time 15 minutes.

c) The expected time at which the first person arrives.

d) The expected time that the third person arrives.

€) The praobability that exactly 2 people arrive during the first minute.

5. If X isaNormal random variable with mean p and variance o, then random standardized random
variable X* is given by

X-H
0_2

a)

by X

7. Measurefi lﬂﬁtﬂe weight of arock are independent and identically distributed with a mean of 10
grams and astap rel fleyigsion of 1 gram.



a) Find the probability that a measurement taken will be between 9 and 10.2 grams if we assume that the
individual measurements are normally distributed.
b) Find probability that the mean (average) of 100 measurements will fall between 9 and 10.2 grams.

8. @ Thefollowing

_[0.2e* if x=0
f(x) =0 .
0 if x<0
isthe density function for the distribution with parameter A

b) Calculate its cumulative distribution function F(x)

9. Suppose we have electrical components whose lifetimes are exponentially distributed with parameter A =
1/5 hours (and hence mean 1/A =5 hours).

a) Find the probability that a component survives at least 6 more hours.

b) Does you answer for @) change if you know that the component has lasted 3 hours aready? (Explain)
€) Suppose we connect two of these componentsin parallel . What is the probability that the circuit
comprised of these two parallel components survives at least 12 hours.

conponent

1

conponent

2

10. Suppose X isarandom variable with  Uniform(0,2) distribution.
a) Calculate the probability P[1< X < 2]

b) Write down the density function of X

c) Suppose X and Y are independent and both Uniform(0,2) (so their joint distribution is uniform on the
square [0, 2] x [0, 2] Calculate the probability P(JX-Y| <= 1/2). (It should help you to sketch the
region [X-Y|<=%inside the squarefirst.)

11. Letthejoint density of X and Y be given by

f ™ x>0,y>0
()= S 0, otherwise

a) Caculate the marginal density of f with respect to X, fy (x)

( Note that €™ = e*e¥ )

b) Calculate the marginal density of f withrespectto Y, fy (y)

c) Are X andY independent random variables? ( Yes, No) Justify your answer:
d) Calculate P( X <2Y)



