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The phenomena of the Sudoku puzzle craze have become an interest to mathematicians, scientists, teachers, and all people alike.  The mathematical aspect, though still in its infancy, can be seen through an inspection of the possibilities of Sudoku grids, or enumeration.  However, there are even greater benefits to this puzzle such as increased critical thinking skills, visual and spatial intelligence practice, and the simple idea of testing our brains for pleasure.  Sudoku itself is simply a partial grid, also called a puzzle.  The object of the game is to place the numbers 1 through 9 on the grid so that each column, row, and each 3x3 box contains the digits only once.  This is also called the One Rule (Sudoku, 2006).  Learning to solve, create, and appreciate the applications of these puzzles is a matter of understanding the concepts of the game.  There are also several different variations of this particular puzzle that can be challenging and stimulating to the human curiosity ranging from 100x100 grid puzzles to puzzles that require to tools of addition and subtraction to complete boxes.  However, all of these different types all take root from the original 9x9 Sudoku puzzle.
The origin of these puzzles is not exactly known but many believe that it can be traced back to the idea of Magic Squares. 

“According to the on-line magazine Convergence, as cited in the article Magic Squares by Pat Ballew, the idea of the magic square was transmitted to the Arabs from the Chinese, probably through India, in the eighth century. It is discussed by Thabit ibn Qurra, known for his formula for amicable numbers, in the early ninth. A list of squares of all orders from 3 to 9 is displayed in The Encyclopedia, compiled about 990 by a group of Arabic scholars known as the Ikhwan al-safa (English: brethren of purity). No general constructive methods appeared by that time.
     In 1225, according to the above citation, Ahmed al-Buni showed how to construct Magic Squares using a simple bordering technique, but he may not have discovered the method himself. Biggs, referring to a paper by Camman, suggests that the methods explained by Moschopoulos may have been of Persian origin and be linked to those expounded by al-Buni. Camman indeed claims that the two methods given by Moschopoulos for constructing odd magic squares were known to the Persians, citing an anonymous Persian manuscript. The concept of Latin Squares has been known since at least medieval times. Arabic Manuscripts from the 13th Century sometimes seem to feature the first Latin Squares, often given mystical of Kabblahlic significance. A Latin square, known in Arabic as wafq majazi, is a square containing cells in which each row and each column have the same set of symbols in distinction from a magic square in which there is no repetition.
     This chain of events continues with the Swiss mathematician and physicist Leonhard Euler (1707-1783). According to The Euler Archive, in his paper De quadratis magicis (On magic squares), presented to the St. Petersburg Academy on October 17, 1776, Euler showed how to construct Magic Squares with a certain number of cells, in particular 9, 16, 25, and 36. In this document Euler starts with Graeco-Latin Squares and puts constraints on the values of the variables so that the result is a magic square. The name Latin Squares, however, only came up in a later paper from Euler about Latin Squares titled Recherches sur une nouvelle espece de quarre magique (English: Investigations on A New Species of Magic Square).  Euler put Latin letters into a grid, and called it a Latin square.  Later, when he added Greek letters, he called it a Greco-Latin square. 
     Spending the last years of his life dealing with the different possibilities of Magic Squares, Euler was faced with the special problem to combine two sets of n symbols each so that neither in a row nor in a line a pair of symbols occurred twice. He demonstrated methods for constructing Graeco-Latin Squares where n is odd or a multiple of 4. Observing that no order-2 square exists and unable to construct an order-6 square, he conjectured that none exist when n ≡ 2 (mod 4). Indeed, the non-existence of order-6 squares was definitely confirmed in 1901 by the French mathematician Gaston Tarry through exhaustive enumeration of all possible arrangements of symbols. 
It was only 58 years later, in 1959 and with the help of computers, when two American mathematicians named Bose and Shrikhande, found some counterexamples to Euler's conjecture. At the same year, Parker found a counterexample of order 10. In 1960, Parker, Bose and Shrikhande showed Euler's conjecture to be false for all n ≥ 10. Thus, Graeco-Latin Squares exist for all orders n ≥ 3 except n = 6.” (Galanti, 2006). 

 These puzzles did not appear in written literature until around the 19th century in a French paper called Le-Siecle.  This paper was published in 1892 with a partially finished 9x9 grid with 3x3 sub-grids.  However, this early version was not considered a true Sudoku because it required the use of arithmetic rather than simple logic to solve it, but it did have the same idea of the One Rule because each row, column, and 3x3 sub-grid added up to the same number.  Unfortunately, these puzzles faded off around the time of the First World War  Most likely, the modern version of Sudoku was created by Howard Garns, a retired architect and freelance puzzle constructor, and first published by Dell Magazines as Number Place in 1979 (Sudoku, 2006).  But the puzzle became a hit in Japanese culture thanks to Nikoli, a Japanese publishing company, who discovered Number Place and placed a similar version in their monthly paper.  So, even though many believe that the concept of Sudoku was invented in Japan, in actuality only the name was.  It was given the title Suuji wa dokushin ni kagiru which in English means “the number must only occur once.”  The name was later abbreviated by Maki Kaji to Sudoku so it would be easier to recognize and to pronounce.  After finding its place in the new media craze, Sudoku puzzles found the attention of Wayne Gould, a retired Hong Kong judge, who decided to create a software program that would create and produce possible puzzle grids quickly.  This lead to the puzzle’s hit in the America’s after appearing in almost every British periodical. 


One of the main thought processes behind solving these puzzles is the idea of strategies.  The first style or strategy for completing these grids is called scanning.  Scanning itself has two parts: cross-hatching and filling in missing numerals following the One Rule.  Cross-hatching means scanning rows, columns, and 3x3 grids to find where certain numbers go by process of elimination.  It helps to first locate which numerals are used the most because they offer the greatest prospect of finding remaining spots for that same numeral.  For example, if you have five nines on the board it may be a good idea to start with nines.  However, each numeral should be checked and then rechecked to see if any more can be found after finding all first round eliminations.  The idea of filling in missing numerals is almost the reverse of cross-hatching because it means locating positions where a particular number cannot go.  Looking for contingencies can aid in quicker solutions based on locating a fewer number of possible spots for a number in a row, column, or 3x3 box.  

But, scanning and elimination can only take a solver so far.  After those processes it is time to use a concept known as marking up, or writing possibilities in each individual box.  There are two common styles of notation for this: subscripts and dots (Sudoku, 2006).  Subscripts are written numbers inside an individual box used to remember possible solutions for that box, while dots simply denote possible numbers.  Using dots instead of actual numbers allows for a cleaner work space and less eraser mess.  The only possible problem with the dot notation is that the solver must be able to correctly identify which dot placement corresponds to which number on the possibilities list.  This same method can be used inversely to mark up numbers which cannot go in a certain box.  The thought behind these different approaches can be summed up into two types of analysis: “candidate elimination” and “what-if.”  “Candidate elimination” refers to eliminating choices inside an individual box until only one answer remains as a possibility, therefore being the correct answer by process of elimination.  After this process is completed for a box, then the solver should revert back to scanning methods to connect the effects of appearing contingencies.  The second type of analysis, “what-if”, simply refers to the idea of checking and guessing when no eliminations can be made after scanning.  A solver can select one of the possibilities for an individual box and then proceed to do another scan for other eliminations.  If there seems to be a mistake, however, the solver can eliminate that first guess and then set it to the correct one.  One of the drawbacks of using this particular style is that if a mistake does occur, the solver must be able to retrace his or her steps to find where the original mistake was made.  So, this method will either require a lot of erasures or a perfect photographic memory (Sudoku,  2006).  


The modern Sudoku as we know it does not require any mathematical computations, but that does necessarily mean that they do not offer any mathematical value.  The math behind Sudoku can be seen through a series of permutations and enumeration to determine how many possible unique solution grids that can be made.  This means finding how many different partially complete puzzles one can create before a repeat is made.  “The first approach taken historically to enumerate Sudoku solutions was to analyze the permutations of the top band used in valid solutions. Once the Band1 symmetries and equivalence classes for the partial grid solutions were identified, the completions of the lower two bands were constructed and counted for each equivalence class. Summing completions over the equivalence classes, weighted by class size, gives the total number of solutions as 6,670,903,752,021,072,936,960 (6.67×1021). The value was subsequently confirmed numerous times independently. The Algorithm details section (below) describes the method” (Mathematics, 2006).  By following a series of permutations we are able to calculate exactly how many possible grids there are for unique Sudokus.  However, the numbers differ when given different variants, or dimensions.  The known variant possibilities are as follows on the next page:

	Dimensions
	Nr Grids
	Attribution
	Verified?
	Rel Err

	1x?
	see Latin squares
	n/a

	2×2
	288
	various
	Yes
	-11.1%

	2×3
	28200960 = c. 2.8×107
	Pettersen
	Yes
	-5.88%

	2×4
	29136487207403520 = c. 2.9×1016
	Russell
	Yes
	-1.91%

	2×5
	1903816047972624930994913280000 = c. 1.9×1030
	Pettersen
	Yes
	-0.375%

	2×6
	38296278920738107863746324732012492486187417600000 = c. 3.8×1049
	Pettersen
	No
	-0.238%

	3×3
	6670903752021072936960 = c. 6.7×1021
	Felgenhauer/Jarvis
	Yes
	-0.207%

	3×4
	81171437193104932746936103027318645818654720000 = c. 8.1×1046
	Pettersen/Silver
	No
	-0.132%

	3×5
	unknown, estimated c. 3.5086×1084
	Silver
	n/a

	4×4
	unknown, estimated c. 5.9584×1098
	Silver
	n/a

	4×5
	unknown, estimated c. 3.1764×10175
	Silver
	n/a

	5×5
	unknown, estimated c. 4.3648×10308
	Silver/Pettersen
	n/a


(This was taken from Wikipedia, and is accurate to date.)
  As one can read from the table, with larger variants comes a great deal more possibilities for unique solutions for that particular grid.  “For large (R,C), the method of Kevin Kilfoil is used to estimate the number of grid completions. The method asserts that the Sudoku row and column constraints are, to first approximation, conditionally independent given the box constraint. Omitting a little algebra, this gives the Kilfoil-Silver-Pettersen formula:
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where bR,C is the number of ways of completing a Sudoku band of R horizontally adjacent R×C boxes. Pettersen's algorithm, as implemented by Silver, is currently the fastest known technique for exact evaluation of these bR,C” (Mathematics, 2006).  This formula gives a rough estimate of the number of possible grids for a given dimension of Sudoku puzzle.


However, besides all of the mathematical value that these puzzles offer there is a great deal more value for the human mind.  These puzzles come in a wide range of difficulty levels which offers a level of preferred difficulty for each individual’s needs.  “It is said that nature abhors a vacuum. As humans we seem to have an innate desire to fill up empty spaces. This might explain part of the appeal of Sudoku, the new international craze, with its empty squares to be filled with digits” (Shortz, 2005).  Innately, we as humans need to challenge our minds and to piece things together to fit our schemes, which can be filled a number of different ways but one oh which is through the use of puzzles.  Teachers across the nation have been amazed and impressed with the interest with which children show when given opportunities to use these inquisitive puzzles.  Children need to have deeper and more profound interest in mathematics and this is one way in which to do this.  Children, teenagers, adults, and elderly people alike will be able to find something in this tricky little logic game.

Sudoku is simply a game about placing numbers in way so that the number follow a particular pattern, seen in the One Rule.  It has evolved from ancient times when it was called Magic and Latin Squares, all the way to Number Place, and then finally what we now know as Sudoku.  This game not only offers a glimpse into mathematical value and a gain for human curiosity, but it is also an activity that can be altered to accommodate all levels of challenge and difficulty to fit all people’s preferences.  It has been here since early times and will continue to be a world-wide phenomena long after we are gone.    
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