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Introduction


Influencing the fields of philosophy, law, computer science, and mathematics among others, Boolean logic is a magnificently thorough explanation for a very simple logical truth.  Boolean logic – known among mathematicians as Boolean algebra – is a mathematical representation of truth-functional logic.  Using the Boolean setup, one can deduce any logical conclusion from a set of truth-functional premises.  The significance of the logic is that it uses only mathematical symbols and functions.  

The creator of Boolean logic is English mathematician George Boole.  His intention was to create an algebraic system to represent all thought.  However, this ambitious goal has not yet been accomplished; instead, Boole set the foundations for modern logic and computer programming.  Boole, in his 1854 work The Laws of Thought, “discussed ways of reducing logical relationships to simple statements of equality, inequality, inclusion, and exclusion”; he also reduces all of these types of statements into algebraic statements using binary – with only two possible values – arguments
.  

Augustus De Morgan laid the groundwork for Boole’s work by defining several fundamental rules and concepts of algebra
; Boole used De Morgan’s algebra as a foundation for his logical work.  After Boole, Edward Huntington contributed to Boolean algebra by proving that the algebra does in fact follow several laws of classic algebra, namely commutativity and associativity
.
The Method

As noted earlier, Boole’s algebra represents truth-functional logic.  The word “truth-functional” provides much of what is needed to understand Boole’s algebra.  The algebra is functional in that each combination of arguments can produce only one conclusion.  Thus, the truth value of the conclusion can always be deduced directly from the truth value(s) of the argument(s).  Another special facet of Boolean algebra is the binary nature of the algebra.  The domain for each argument contains only the numbers zero and one.  Also, the range for each function contains exactly the same numbers.  The zero represents falsehood, while the one represents truth of the statement.
The Operations

Three operations make up the basis for Boolean logic: the conjunction, the disjunction, and the denial.  The simplest of these is the denial; in common language, the denial corresponds to the word “not”.  Given the above mentioned binary notation, the denial of x can be represented as follows
:
x – 1
Thus, the assertion “no x is y” can be represented as follows: 

x – 1 = y
The assertion “x is false” may be represented by two seemingly unequal equations:

x – 1 = 1 ;  x = 0

The first equation asserts the truth of the denial of x, while the second asserts the falsehood of x.  These statements are truth-functionally equivalent, yet rules of classic algebra do not allow the equations to be equal.  This apparent discrepancy results from the fact that Boole’s logic does not follow the rules of addition and subtraction; the function represented by “+” is not the opposite of the function represented by “–”.  The denial is essential for the validity and completeness of Boole’s logic.


The conjunction operation in Boole’s logic is represented by the multiplication notation of classical algebra.  Thus, the following notation would be used to assert the truth of both x and y:

xy = 1

Another apparent discrepancy arises when trying to consider the conjunction operation according to the rules of classic algebra: the conjunction of x and x should be identical to x since the truth of the conjunction is true if and only if x is true.  However, one would certainly not assert the following under the rules of classic algebra
:

xx = x

The apparent discrepancy is resolved when one considers the domain in Boole’s algebra for the above statement is in fact true when x is equal to either zero or one.  

The final operational piece to Boole’s algebra is the disjunction.  According to Boole’s original conception, the disjunction operation “x + y” is used to describe the set of all things that are either in x or y, but not both
.  This is an exclusive disjunction.  Most Boolean notations now consider the inclusive disjunction – representing the set of things either in x or y or both – to be the standard, though both forms can be expressed using any notation.  One can now see that the statement “x – 1 = 1” cannot be simplified to “x = 2” according to classic algebraic rules since a disjunction does not have the opposite effect of a denial.
Applications


Boole designed his algebra in such a way that one could use it to deduce each of Aristotle’s syllogisms.  In order to do so, he introduced a special character, v, which essentially represents a non-empty set.  Using only x, y, and v, Boole showed how to create universal and existential assertions and denials; these four types of sentences allow for deduction of any of Aristotle’s syllogisms as well as many that he did not consider syllogisms for their use of negatives
.  The universal, or “All x are y”:
x ( 1 – y ) = 0

The existential, or “Some x are y”:

xy = v
The denied existential, or “No x are y”:

xy = 0
The denied universal, or “Not all x are y”:

x ( 1 – y ) = v.


Variations of Boolean algebra permeate unexpected areas of math, science, and philosophy, but the algebra also serves the purpose which Boole worked towards: creating a symbolic system of language and thought.  Though predicate logic has replaced the simple truth-functional logic of Boole’s time, the concepts he outlines are among the foundations for predicate logic.  Boole’s algebra allows for a systematic criticism of any argument which has truth-functional premises.  Consider the following argument: terrorists will be defeated only by the United States waging war; terrorists must be defeated; therefore, the United States must wage war.  This argument would be symbolized as follows, with x representing “the terrorists will be defeated” and y representing “the United States wages war”:
   ( 1 – x ) + y = 1

 
x = 1

y = 1

Boole created his algebra as tool of philosophy, but the effects of his creation are not limited to the field of logic.  In the mathematical realm, the algebra is especially useful in statistics and probability.  Though the notation is altered, the main concepts of Boolean algebra – the properties that exist among the operations – are essential to almost any general theory of statistics or probability.


Perhaps the most widely known use of Boolean logic is through search engines.  Most Internet search engines give the user the option of conducting a Boolean search.  The default Boolean operator is the conjunction or intersection, but the disjunction and denial are also useful.  Before the Internet and still today, Boolean search is a practical method for searching large fields of data, allowing the user to specify the exact criteria he or she desires in the data to be searched.

Given society’s dependence upon computer technology, few would dispute that Boolean algebra’s most significant contribution is to the field of computer programming.  Just like Boole’s logic, the first computer programs used binary inputs and Boolean operators to produce binary outputs.  Later, programmers began using conditional statements and commands, which are only a manipulation of the Boolean disjunction.  Binary code, Boolean operators, and conditionals still form the basis for most programming languages
.
Conclusion


Boolean logic is essentially a systematic representation of the words “and”, “or”, and “not”.  Yet Boolean logic is at least partially responsible for modern logic, probability, and statistical analysis; moreover, Boole’s logic has contributed to the development of computers and everything that results from digital technology.  To learn about the origins of Boolean logic, one might go straight to the source: Boole’s 1854 The Laws of Thought.  However, to more fully understand Boolean logic, one needs only to introduce oneself to one of the programming languages that are based on the logic: BASIC is a simple language that is likely most accessible to the programming novice.
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